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Matter matters in asymptotically safe quantum gravity
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We investigate the compatibility of minimally coupled scalar, fermion and gauge fields with asymp-
totically safe quantum gravity, using nonperturbative functional Renormalization Group methods.
We study d = 4, 5 and 6 dimensions and within certain approximations find that for a given number
of gauge fields there is a maximal number of scalar and fermion degrees of freedom compatible with
an interacting fixed point at positive Newton coupling. The bounds impose severe constraints on
grand unification with fundamental Higgs scalars. Supersymmetry and universal extra dimensions
are also generally disfavored. The standard model and its extensions accommodating right-handed
neutrinos, the axion and dark-matter models with a single scalar are compatible with a fixed point.
I. INTRODUCTION
A quantum theory of gravity that is a viable descrip-
tion of the microscopic dynamics of our universe must
include dynamical matter degrees of freedom. Neverthe-
less, matter is often ignored in quantum gravity, or not
included in a fully dynamical way. While this could result
in a self-consistent quantum theory of gravity, it is not
clear whether it can yield a model of quantum gravity ap-
plicable to our universe. As in other settings, where the
addition of further degrees of freedom can fundamentally
alter the character of the theory, dynamical matter might
not be easily incorporated into a consistent microscopic
description of gravity. As an example, consider Yang-
Mills theory, which is ultraviolet (UV) complete due to
asymptotic freedom. If too many fermions are present,
asymptotic freedom is destroyed. A similar effect could
occur in gravity, where the too many matter degrees of
freedom could preclude a particular scenario for a UV
completion. Here, we will make a first step towards a
consistent quantum description of matter and gravity, by
studying the asymptotic safety scenario for gravity and
matter.
The asymptotic safety scenario, proposed in [1] (for
reviews see [2–10]) provides an ultraviolet (UV) comple-
tion for gravity in the form of an interacting fixed point
of the Renormalization Group (RG) flow. Let gi(k) be
the couplings, depending on some momentum scale k,
βgi = k ∂kgi(k) the corresponding beta functions, and
g˜i(k) = gi(k)k
−di (1)
the dimensionless form of the couplings (di being the
mass dimension of gi). The β functions for the dimen-
sionless couplings g˜i depend on the g˜n themselves, but
not explicitly on the RG scale k:
βg˜i(g˜n) = ∂tg˜i(k) := k∂kg˜i(k) = −dig˜i(k) + f(g˜n). (2)
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The first term shows the scale-dependence due to the
canonical dimensionality, which would be present also
in a classical theory, whereas the second term arises
from quantum fluctuations that introduce a non-trivial
scale dependence. A fixed point is a simultaneous zero
of the beta functions of all the dimensionless couplings:
βg˜i(g˜j∗) = 0. For a Gaußian fixed point, where the the-
ory becomes asymptotically free, g˜i ∗ = 0. This fixed
point is known not to lead to a consistent UV limit for
gravity, as the Newton coupling by itself cannot become
asymptotically free due to its canonical dimensionality,
and the addition of curvature-squared couplings leads to
an asymptotically free but non-unitary theory [11, 12].
Thus a quantum field theoretic UV completion of grav-
ity demands gi ∗ 6= 0.
An important technical advantage of this scenario lies
in its formulation as a local continuum quantum field
theory. Many powerful tools, which have been success-
fully used to describe the other interactions, are available
in this setting. In particular the inclusion of matter is
in principle straightforward, and there is no difficulty in
considering, e.g., chiral fermions [13–15], in contrast to
several other approaches to quantum gravity.
The main advantage of asymptotic safety, however, is
predictivity. Although infinitely many couplings are ex-
pected to be nonvanishing at the fixed point, predictivity
can be retained in this scenario: This happens if all but
a finite number of couplings are UV-repulsive. These
irrelevant couplings need to be fine-tuned so that the
IR-starting point for the RG flow (when followed “back-
wards” towards the UV) lies within the UV critical sur-
face. This amounts to a prediction of the value of the
irrelevant couplings and will yield a predictive theory if
the critical surface is finite dimensional.
To determine whether a coupling is relevant, we lin-
earize the RG flow of the dimensionless couplings around
the fixed point up to first order
βg˜i({g˜n}) = 0 +
∑
j
∂βg˜i
∂g˜j
∣∣∣
g˜n=g˜n ∗
(g˜j − g˜j ∗) + ... . (3)
The solution to this equation can easily be found, and is
2given by
g˜i(k) = g˜i ∗ +
∑
I
CIV
I
i
(
k
k0
)−θI
, (4)
where
− ∂βg˜i
∂g˜j
∣∣∣
gn=gn ∗
VI = θIVI . (5)
Here, the CI ’s are constants of integration, which con-
stitute the free parameters of the theory, and k0 is an
arbitrary reference momentum scale. The VI are the
eigenvectors, in general given by a linear superposition
of couplings, and the critical exponents −θI the eigenval-
ues of the stability matrix, defined in (3). At a Gaußian
fixed point, the critical exponents are given by the mass
dimensions of the couplings. Clearly the requirement to
hit the fixed point in the UV translates into the condi-
tion CI = 0 for those I such that Re[θI ] < 0, i.e., the
UV-repulsive directions. In contrast, the CI are unde-
termined if Re[θI ] > 0, as those directions approach the
fixed point automatically towards the UV. To fix these
constants, the values of couplings have to be measured
in an experiment, just as is the case of power-counting
relevant operators in an asymptotically free theory. for
instance the gauge coupling in QCD is a free parameter
of the standard model. Therefore a predictive theory can
only have a finite number of positive critical exponents.
The concept of nonperturbative renormalizability,
a.k.a. asymptotic safety, is well-known from condensed-
matter physics, where the Wilson-Fisher fixed point and
its generalizations are interacting fixed points, and their
critical exponent have been shown experimentally to gov-
ern second-order phase transitions in a variety of mate-
rials. In high-energy physics, the concept is applicable
to perturbatively nonrenormalizable effective field theo-
ries, where it could provide predictive UV completions,
see, e.g., [16, 17]. Evidence for the existence of a gravi-
tational fixed point with a finite number of relevant di-
rections has been collected with a variety of tools, but
in recent years most progress has come from functional
Renormalization Group methods, whose application to
gravity has been pioneered in [18]. Various nonpertur-
bative truncations of the RG flow indicate the existence
of an interacting fixed point [19–34]. Recent results also
suggest the existence of an infrared fixed point [35–37].
For a realistic implementation of the asymptotic safety
scenario a fixed point for pure gravity is not enough: all
matter couplings must also simultaneously reach a fixed
point. Such a study may seem to be hopelessly compli-
cated, but there are several arguments for pursuing it
even at this early stage. One is the general philosophy,
which is widely held in the particle physics community,
that a consistent theory of gravity requires the inclusion
of matter. We will see that the available evidence for
asymptotic safety is not particularly supportive of this
point of view, in the sense that a fixed point seems to
exist also for pure gravity, but it is still too early to tell.
Then, even assuming that a pure gravity fixed point ex-
isted, its applicability to the real world would require
that matter becomes noninteracting in the ultraviolet,
and quantum fluctuations of matter do not change the
microscopic dynamics of gravity. Within a path-integral
approach to quantum gravity, it seems more likely that
quantum fluctuations of all fields determine the micro-
scopic dynamics and drive the Renormalization Group
flow. This view is supported by the result that quantum
gravity fluctuations, parametrized as metric or vielbein
fluctuations in a continuum setting, generate matter in-
teractions even in a free theory [13, 14, 38, 39].
Other arguments are of a negative character. It is not
likely that a firm proof of (non-)existence of a gravita-
tional fixed point can be reached. By widening the scope
of the exploration one also enhances the chances of dis-
proving this scenario. For example, if standard model
matter turned out to be incompatible with a fixed point
within the presently available approximations, the case
for asymptotic safety would be correspondingly weak-
ened. On the experimental side, barring possible sur-
prises, it does not seem very likely that we will see sig-
natures of Planck scale physics within the foreseeable fu-
ture. On the other hand, much more data is expected
to become available in particle physics, and it is possi-
ble that some signs in favor of, or against, asymptotic
safety can be found in them. A striking example is the
relatively successful prediction of the Higgs mass by Sha-
poshnikov and Wetterich [40]. Putting that prediction
on a firm theoretical basis will require much work on the
mutual influence of gravity and matter at high energy.
Here we will investigate the consistency of the inter-
acting fixed point in gravity with the existence of min-
imally coupled matter. While neglecting matter self-
interactions may not be a realistic assumption, it is
enough to give at least some hint of the effect that mat-
ter can have. We find that within our approximations
there are strong restrictions on the total number of mat-
ter fields. While the standard model seems to be com-
patible with asymptotic safety of gravity, many popular
scenarios of BSM physics are not. Our results improve
previous work [41, 42]. We will discuss the differences
between the new and the old findings in the conclusions.
In section II we will describe the techniques we employ
in some more detail. In section II we present the beta
functions and the anomalous dimensions of the graviton,
ghost and matter fields, which are the main new techni-
cal result of this paper. Section IV contains the physics
results, i.e., the bounds on the number of matter fields
and discussion of various models. We conclude in section
V with a summary of the results and cautionary remarks.
II. METHOD
To investigate the coupling of matter to quantum grav-
ity within the asymptotic safety scenario, a method is
required that allows for a nonperturbative evaluation of
3the β functions, and an inclusion of (chiral) fermionic,
scalar and vector degrees of freedom. Further, a contin-
uum method that allows for analytical calculations is de-
sirable. In the following, we will present such a method.
Here we consider a Riemannian setting, and assume that
our results carry over to the Lorentzian case.
A. Functional Renormalization Group
The functional Renormalization Group is a framework
to evaluate β functions, even in the nonperturbative
regime, where no small coupling exists, and/or nonper-
turbative threshold effects exist even at small values of
the couplings. The method is based upon a Wilsonian
momentum-shell wise integration of the path-integral: A
mass-like regulator function Rk(p) suppresses quantum
fluctuations with momenta p < k, where k is an infrared
momentum cutoff scale. This allows us to define a scale-
dependent effective action, the flowing action Γk, which
only contains the effect of quantum fluctuations with mo-
menta p > k. By changing k we can interpolate smoothly
between the microscopic action Γk→∞ and the full quan-
tum effective action Γk→0. The scale-dependence of the
flowing action is then given by the Wetterich-equation
[43], a functional differential equation:
∂tΓk =
1
2
STr
[(
Γ
(2)
k +Rk
)−1
∂tRk
]
. (6)
Herein, Γ
(2)
k denotes the second functional derivative of
the flowing action with respect to the fields, and consti-
tutes a matrix in field space. The supertrace STr includes
a summation over all discrete indices and the fields, in-
cluding a negative sign for Grassmann valued fields, i.e.,
fermions and Faddeev-Popov ghosts in our case. The
supertrace also includes a summation over the eigenval-
ues of the Laplacian in the kinetic term, that trans-
lates into a momentum-integral on a flat background.
The main technical advantage of the Wetterich equation
lies in its one-loop form, which nevertheless takes into
account higher-loop effects, as it depends on the full,
field-dependent nonperturbative regularized propagator(
Γ
(2)
k +Rk
)−1
(see [44]).
B. Background field and fluctuation field
In gravity, the background field method is used to set
up the RG flow [45]. The full metric is split into back-
ground g¯µν and fluctuation hµν :
gµν = g¯µν +
√
32πGhµν . (7)
We adopt the traditional perturbative convention of
rescaling the metric fluctuation field to make it canoni-
cally normalized (this convention was also used in a func-
tional RG context in [32]). This split allows to gauge-
fix with respect to the background field, and demand-
ing background-field gauge invariance ensures gauge in-
variance of the full effective action Γ. Furthermore,
the covariant derivative with respect to the background
field allows a meaningful distinction of high- and low-
momentum quantum fluctuations, and allows to imple-
ment the IR-regularization of the generating functional,
while keeping the one-loop form of the Wetterich equa-
tion. Background-independence is achieved by keeping
the background field general, and in principle studying
all possible backgrounds simultaneously.
The flow equation accordingly depends on two fields,
the fluctuation field hµν and the background field g¯µν .
There are two types of terms in which the fluctuation
field and the background field do not enter as a sum to
combine into the full metric: These are the gauge-fixing
term, and the cutoff term. Accordingly, the RG flow
will generate terms that depend on the fluctuation met-
ric and the background metric separately. This bimetric
structure has first been studied in [46–48]. Here, we ex-
tend the recent analysis in [32] to include matter fields.
At the level of the Einstein-Hilbert truncation, we need
to introduce the graviton and matter anomalous dimen-
sions, in order to provide a consistent closure of the flow
equation from which we will extract the β functions of
the background field G and Λ.
Our truncation is given by
Γk = ΓEH + Sgf + Sgh + Γmatter, (8)
where the gauge-fixing term is given by:
Sgf =
1
2α
∫
ddx
√
g¯ g¯µνFµ[g¯, h]Fν [g¯, h], (9)
Fµ[g¯, h] =
√
2 κ¯
(
D¯νhµν − 1 + ρ
4
D¯µh
ν
ν
)
. (10)
Here, κ¯ = (32πG)−
1
2 and α and ρ are gauge parameters,
which in this paper we choose equal to one. The standard
Faddeev-Popov ghost term in this gauge reads
Γk gh = −
√
2Zc
∫
ddx
√
g¯ c¯µ
(
D¯ρg¯µκgκνDρ
+ D¯ρg¯µκgρνDκ − D¯µg¯ρσgρνDσ
)
cν , (11)
with a wave-function renormalization Zc(k), which has
first been evaluated in [49, 50]. The Einstein-Hilbert
term, which depends on the full metric, is given by
ΓEH =
1
16πG
∫
ddx
√
g (−R+ 2Λ) . (12)
We then expand the action up to second order in
the fluctuation field and introduce a wave-function
renormalization for the graviton by hµν → Z
1
2
h hµν . The
action then takes the form
ΓEH + Sgf =
1
16πG
∫
ddx
√
g¯
(−R¯+ 2Λ) (13)
+
Zh
2
∫
ddx
√
g¯ hµνK
µναβ((−D¯2 − 2Λ)1ρσαβ +W ρσαβ )hρσ .
4Here and elsewhere 1 is the identity in the space of the
fields (in this instance, symmetric tensors), K is given by
Kαβρσ =
1
2
(δαρδβσ + δασδβρ − δαβδρσ) , (14)
and W is a geometric structure linear in curvature (see
eq.(31) of [26]) that does not play a role in the calcula-
tion of the anomalous dimensions, that is done on a flat
background. The matter part of the action is given by
Γmatter = SS + SD + SV
SS =
ZS
2
∫
ddx
√
g gµν
NS∑
i=1
∂µφ
i∂νφ
i
SD = iZD
∫
ddx
√
g
ND∑
i=1
ψ¯i /∇ψi,
SV =
ZV
4
∫
ddx
√
g
NV∑
i=1
gµνgκλF iµκF
i
νλ
+
ZV
2ξ
∫
ddx
√
g¯
NF∑
i=1
(
g¯µνD¯µA
i
ν
)2
+
1
2
∫
ddx
√
g¯
NV∑
i=1
C¯i(−D¯2)Ci . (15)
In each case, i is a summation index over matter species
(not to be confused with the representation index of
some non-Abelian gauge group). Similar actions, but
without the factors ZΨ, have been considered before in
[41, 42, 51]. Fermions in asymptotically gravity have
been further discussed in [13–15, 52–54]. In the Dirac
action the covariant derivative is ∇µ = ∂µ+ 18 [γa, γb]ωabµ ,
where the spin-connection ωabµ can be expressed in terms
of the vielbeins. This introduces an additional O(d) local
gauge invariance. We adopt a symmetric gauge-fixing of
O(d), such that vielbein fluctuations can be re-expressed
completely in terms of the metric fluctuations [15, 55, 56].
We will therefore not rewrite the gravitational part of the
action in terms of vierbeins; full details of the procedure
we follow can be found in [52].
There are no gauge interactions, so the fermions (as
well as the scalars) are uncharged and there are no gauge
covariant derivatives. In the Abelian gauge field action
the second term is a gauge fixing term with gauge-fixing
parameter ξ and the third term represents the abelian
ghosts. The ghosts are decoupled from the metric and
gauge field fluctuations and therefore do not contribute
to the running of Zh and ZV , however they are coupled
to the gravitational background and therefore contribute
to the beta functions of G and Λ. Concerning the ques-
tion of the mixing between abelian and diffeomorphism
ghosts as addressed in [60], it turns out that there is no
contribution to the running of ZV , if a regulator is chosen
that is diagonal in the ghost fieds. We do not introduce
a wave function renormalization for the abelian ghosts in
this work.
Our truncation for the gravitational and matter ac-
tion contains two essential couplings G and Λ, and five
inessential wave-function renormalization constants ZΨ
with Ψ = (h, c, S,D, V ). Being inessential means that
the ZΨ can be eliminated from the action by field rescal-
ings and do not appear explicitly in any beta function.
As a consequence they are not required to reach a finite
limit. Instead, when the essential couplings are at their
fixed point, they scale with a calculable exponent. It is
crucial for our analysis, that the wave-function renormal-
izations ZΨ nevertheless couple into the beta-functions of
the essential couplings in a nontrivial way via the anoma-
lous dimensions
ηΨ = −∂t lnZΨ . (16)
The calculation of the beta functions and anomalous
dimensions then proceeds as follows. We choose regula-
tors of type II, in the terminology of [26]. For gravitons
Rk h(z) = ZhK z r
( z
k2
)
(17)
where z = −D¯2+W . (In the calculation of the anomalous
dimensions one works in flat space and then z = p2).
Likewise for the other fields
RkΨ(z) = ZΨ1 z r
( z
k2
)
Ψ = c, S,D, V (18)
where z = −D¯2 + EΨ and Ec = −Rµν , ES = 0, ED =
−R/4, EV = Rµν . We use a shape function as in [57]
r
(
p2
k2
)
=
(
k2
p2
− 1
)
θ(k2 − p2) . (19)
To test the scheme dependence we have also performed
calculations with a cutoff of type Ia on the gravitons,
which means that z = −D¯2 in (17). With these defini-
tions we then evaluate the coefficients of various terms in
the r.h.s. of the Wetterich equation.
The beta functions of G and Λ, and of the correspond-
ing dimensionless couplings
G˜ =
G
k2−d
; Λ˜ =
Λ
k2
(20)
are obtained from the coefficients of the terms propor-
tional to
∫
ddx
√
g¯R¯ and
∫
ddx
√
g¯ in the expansion of the
r.h.s. of the Wetterich equation. They receive contribu-
tions from all fields present, including the gravitational
and abelian ghosts.
To evaluate the anomalous dimensions ηΨ we proceed
as in [13, 49], expanding around flat space and extract-
ing from the r.h.s. of the flow equation terms quadratic
in momentum and in the fluctuation field Ψ. The terms
in this calculation have a natural diagrammatic expres-
sion as one loop corrections to the running of the two
point function of the field Ψ. The graviton anomalous
dimension can be written as
ηh = ηh
∣∣
gravity
+ ηh
∣∣
matter
,
5where the first term comprises the contributions coming
from graviton and ghost loops, whereas the second comes
from matter loops. The first contribution is evaluated us-
ing the diagrams listed in [32]. We project the resulting
tensorial structure along the tensor K which is the struc-
ture of the graviton propagator in the gauge α = 1 that
we are using here.
The matter contribution to ηh is given by the diagrams
of fig. 1, again projected along K. In principle, tadpole
FIG. 1: Diagrams contributing to ηh. Spirals denote gravi-
tons, thick lines fermions, dashed lines scalars and curly lines
gauge fields. A crossed circle denotes an insertion of ∂tRk.
diagrams exist which could also contribute to ηh. The
momentum structure of the vertices in our truncation
implies a vanishing of those diagrams.
As we neglect matter-ghost couplings at this order of
the approximation [39], the ghost anomalous dimension
will be the same as in the pure gravity case, and there
is no ghost contribution to the matter anomalous dimen-
sions.
Finally, graviton fluctuations induce nontrivial matter
anomalous dimensions through the diagrams of fig. 2.
FIG. 2: Diagrams contributing to ηD. Analogous diagrams
with external scalar and vector fields determine ηS and ηV .
III. BETA FUNCTIONS
The beta functions for G˜ and Λ˜ have the following form:
dΛ˜
dt
= −2Λ˜ + 8πG˜
(4π)d/2d(d+ 2)Γ[d/2]
[
d(d + 1)(d+ 2− ηh)
1− 2Λ˜ − 4d(d+ 2− ηc)
+2NS(2 + d− ηS)− 2ND2[d/2](2 + d− ηD) + 2NV (d2 − 4− d ηV )
]
− 4πG˜Λ˜
3d(4π)d/2Γ[d/2]
[
d(5d− 7)(d− ηh)
1− 2Λ˜ + 4(d+ 6)(d− ηc)
−2NS(d− ηS)−ND2[d/2](d− ηD) + 2NV (d (8 − d)− (6− d)ηV )
]
(21)
dG˜
dt
= (d− 2)G˜− 4πG˜
2
3d(4π)d/2Γ(d/2)
[d(5d− 7)(d− ηh)
1− 2Λ˜ + 4(d+ 6)(d− ηc)
−2NS(d− ηS)−ND2[d/2](d− ηD) + 2NV (d(8 − d)− (6− d)ηV )
]
. (22)
Except for the appearance of the matter anomalous dimensions, this agrees with [26]. The main novel computational
result of this paper are the formulas for the anomalous dimensions ηh, ηS , ηD and ηV . Following [32], the gravitational
contribution to the graviton anomalous dimension can be written in the form
ηh
∣∣∣
gravity
=
[
a(Λ˜k) + c(Λ˜k)ηh + e(Λ˜k)ηc
]
G˜k . (23)
6We have checked the results of [32] when ηh is defined by projecting on the spin two propagator. With our definition
of ηh, which involves projection on the tensor K the coefficients turn out to be:
a(Λ˜) =
a0 + a1Λ˜ + a2Λ˜
2 + a3Λ˜
3 + a4Λ˜
4
(4π)d/2Γ(d/2)d2(d2 − 4)(3d− 2)(1− 2Λ˜)4 , (24)
a0 = −4π (d− 2) (−896 + 264 d+ 1076 d2 − 434 d3 + 21 d4 + d5) ,
a1 = 16π (d− 2) (−2048 + 2552 d− 318 d2 − 125 d3 + 2 d4 + d5) ,
a2 = −16π(12544− 25760 d+ 16968 d2 − 4228 d3 + 354 d4 − 17 d5 + d6) ,
a3 = 4096π(d− 2)(−32 + 50 d− 19 d2 + 2 d3) ,
a4 = −2048π(d− 2)(−32 + 50 d− 19 d2 + 2 d3) ;
c(Λ˜) =
8π(d− 1)
[
128 + 720 d− 350 d2 + 29 d3 + 32(d− 2)(d+ 4)Λ˜
]
(4π)d/2Γ(d/2) d2(d+ 2)(d+ 4)(3d− 2)(1− 2Λ˜)3 (25)
e(Λ˜) = − 128π
(
32− 50 d+ 23 d2)
(4π)d/2Γ(d/2)d2(d+ 2)(d+ 4)(3 d− 2) . (26)
The matter contribution is
ηh
∣∣∣
matter
= −NS 32πG˜
(4π)d/2Γ(d/2)
1
d2(d+ 2)(3d− 2)
[
(d− 2)3 + 28− 10 d+ d
2
d+ 4
ηS
]
+ND 2
[d/2] 16πG˜
(4π)d/2Γ(d/2)
(d− 1)(d− 2)
d3(3d− 2)
[
2 +
d− 2
d+ 1
ηD
]
(27)
−NV 32πG˜
(4π)d/2Γ(d/2)
(d− 1)(d− 2)
d2(d+ 2)(3d− 2)
[
d2 − 12 d+ 8− 216− d
d+ 4
ηV
]
,
The ghost anomalous dimension is
ηc =
[
b(Λ˜k) + d(Λ˜k)ηh + f(Λ˜k)ηc
]
G˜k . (28)
with
b(Λ˜) =
64π
[
−8 + 4 d+ 18 d2 − 7 d3 + 2(4− 9 d2 + 3 d3)Λ˜
]
(4π)d/2Γ(d/2)d2(d2 − 4)(d+ 4)(1− 2Λ˜)2 (29)
d(Λ˜) =
−64π(4− 4 d− 9 d2 + 4 d3)
(4π)d/2Γ(d/2)d2(d2 − 4)(d+ 4)(1− 2Λ˜)2 (30)
f(Λ˜) =
−64π(4− 9 d2 + 3 d3)
(4π)d/2Γ(d/2)d2(d2 − 4)(d+ 4)(1− 2Λ˜)2 (31)
Finally the anomalous dimensions of the matter fields are
ηS = − 32πG˜
(4π)d/2Γ(d/2)
[
2
d+ 2
1
(1− 2Λ˜)2
(
1− ηh
d+ 4
)
+
2
d+ 2
1
1− 2Λ˜
(
1− ηS
d+ 4
)
+
(d+ 1)(d− 4)
2d(1− 2Λ˜)2
(
1− ηh
d+ 2
)]
, (32)
ηD =
32πG˜
(4π)d/2Γ(d/2)
[
(d− 1)(d2 + 9 d− 8)
8d (d− 2)(d+ 1)(1− 2Λ˜)2
(
1− ηh
d+ 3
)
+
(d− 1)2
2d(d+ 1)(d− 2)
1
1− 2Λ˜
(
1− ηD
d+ 2
)
− (d− 1)(2d
2 − 3d− 4)
4d(d− 2)(1− 2Λ˜)2
(
1− ηh
d+ 2
)]
(33)
ηV = − 32πG˜
(4π)d/2Γ(d/2)
[
(d− 1)(16 + 10 d− 9 d2 + d3)
2d2(d− 2)(1− 2Λ˜)2
(
1− ηh
d+ 2
)
+
4(d− 1)(2d− 5)
d(d2 − 4)(1− 2Λ˜)
(
1− ηV
d+ 4
)
+
4(d− 1)(2d− 5)
d(d2 − 4)(1− 2Λ˜)2
(
1− ηh
d+ 4
)]
. (34)
7IV. RESULTS
A. Perturbative approximation
In order to get a rough idea of the effect of matter on
the RG flow, in a context where solutions can be found
analytically rather than numerically, it is useful to con-
sider first the perturbative approximation, which consists
of neglecting all anomalous dimensions and expanding
the beta functions to second order in Λ˜ and G˜. This
is justified in some neighborhood of the Gaussian fixed
point. In d = 4 the beta functions become
βG˜ = 2G˜+
G˜2
6π
(NS + 2ND − 4NV − 46) , (35)
βΛ˜ = −2Λ˜ +
G˜
4π
(NS − 4ND + 2NV + 2)
+
G˜Λ˜
6π
(NS + 2ND − 4NV − 16) . (36)
The numbers 46, 2 and 16 represent the contributions of
gravitons and ghosts to the beta functions. These con-
tributions are such that the RG flow admits a nontrivial
fixed point when matter is absent. Let us see what effect
matter has, in this approximation. The beta function
have a nontrivial fixed point at
Λ˜∗ = −3
4
NS − 4ND + 2NV + 2
NS + 2ND − 4NV − 31 , (37)
G˜∗ = − 12π
NS + 2ND − 4NV − 46 . (38)
Since the beta functions vanish for G˜ = 0, flow lines
cannot cross from negative to positive G˜. Since the low
energy Newton’s coupling is experimentally bound to be
positive, we require that also the fixed point occurs at
positive G˜. This puts a bound on the matter content.
In the following we shall find it convenient to present the
results in the NS-ND-plane, treating the number of gauge
fields as a fixed parameter. Positivity of G˜∗ demands that
ND < 23 + 2NV − 1
2
NS . (39)
Notice that gauge fields contribute with the same sign
as gravity, so they facilitate the existence of the fixed
point, whereas scalars and fermions tend to destroy it.
When their number increases, the fixed-point value of
G˜∗ increases and reaches a singularity on the line ND =
11 + 2NV − 12NS . On the other side of the singularity
G˜∗ is negative. Fig. 3 shows the existence region of a
positive fixed point for G˜∗ for no gauge fields or 12, 24,
45 gauge fields. (The significance of these numbers will be
discussed later.) We see that the existence region grows
with the number of gauge fields, but most importantly,
for a given number of gauge fields, only a finite number
of combinations of scalar and Dirac fields is allowed.
The cosmological constant has a singularity on the line
ND =
31
2
+ 2NV − 1
2
NS. (40)
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FIG. 3: The shaded triangles are the areas in the NS-ND
plane compatible with a gravitational fixed point for NV = 0
(darkest triangle in bottom left corner), NV = 6, 12, 24, 45
(from bottom to top).
This singularity in Λ˜∗ is parallel to the singularity in G˜∗
and is shifted downwards by ND = 7.5. There are fixed
points in the intermediate region between these singu-
larities, but they are disconnected from the one in the
origin (i.e., with no matter), so we regard them as physi-
cally very untrustworthy. For “phenomenological” appli-
cations we will restrict our attention to points that are
below the singularity in the cosmological constant. The
allowed region is therefore somewhat smaller than the
one shown in fig. 3. In the absence of gauge fields this
leaves only the area ND <
31
2 − 12NS, which means that
at most 31 Weyl spinors or 31 scalars, or a combinations
thereof, are admissible.
When we restrict ourselves to the allowed region, the
sign of the cosmological constant at the fixed point is
determined by the numerator in (37): above (or left) of
the line
ND =
2 + 2NV +NS
4
(41)
the cosmological constant is negative, whereas below (or
right) of this line it is positive. Note that in the beta
function for Λ˜ the contribution of each field is weighed
with the number of degrees of freedom it carries, with a
plus sign for bosons and a minus sign for fermions. The
line (41) is where any supersymmetric theory would lie.
The contours of constant Λ˜∗ are straight lines passing
through the point (2NV + 20, NV + 11/2), where (40)
and (41) intersect. The singularity of the cosmological
constant on (40) is negative left of this point and positive
right of it.
The stability matrix
M =
(
∂β
Λ˜
∂Λ˜
∂β
Λ˜
∂G˜
∂βG˜
∂Λ˜
∂βG˜
∂G˜
)
(42)
has eigenvalues −2 and −4NS+2ND−4NV −31NS+2ND−4NV −46 . Below the
singularites of Λ˜∗ and G˜∗, the numerator and denomi-
nator of this ratio are positive, so both eigenvalues are
8negative. In the region between the singularities the sec-
ond eigenvalue would be positive.
In this perturbative approximation one can examine
effect of matter on higher gravitational couplings. If
we parametrize the curvature squared terms, up to to-
tal derivatives, as
∫
d4x
√
g
[
1
2λ
C2 +
1
ξ
R2
]
, (43)
where C is the Weyl tensor, the beta functions of the
couplings are
βλ = − 1
(4π)2
133
10
λ2 − 2λ2a(4)λ ,
βξ = − 1
(4π)2
(
10λ2 − 5λξ + 5
36
ξ2
)
− ξ2a(4)ξ ,
where
a
(4)
λ =
1
2880π2
(
3
2
NS + 9ND + 18NV
)
, (44)
a
(4)
ξ =
1
2880π2
5
2
NS . (45)
It is remarkable that all types of matter contribute with
the same sign to the running of these couplings, which
are always asymptotically free.
In the perturbative approximation it is easy to com-
pute the beta functions also with other definitions of the
cutoff. If we choose the so-called type Ia cutoff on gravi-
tons (see [26]) the one loop beta functions are given by
βG˜ = 2G˜+
G˜2
6π
(NS + 2ND − 4NV − 22) , (46)
βΛ˜ = −2Λ˜ +
G˜
4π
(NS − 4ND + 2NV + 2)
+
G˜Λ˜
6π
(NS + 2ND − 4NV + 8) . (47)
Notice that the matter contribution has not changed: for
massless scalars the two types of cutoff are the same,
for fermions we must always use the type II cutoff [52]
and for simplicity we have maintained this cutoff also
for gauge fields. The only difference is therefore in the
gravitational contribution. One can repeat the preceding
discussion with little changes. The main effect is that the
permitted region is smaller, with the singularities shifted
downwards: 23 is replaced by 11 in (39) and 31/2 is
replaced by 7/2 in (40). We can view these shifts as a
measure of the typical theoretical uncertainties in this
approximation.
The coefficients (44) are universal and, as noticed in
[58], with type II cutoff and with the shape function (19)
the contribution of matter to the running of all couplings
multiplying terms with six or more derivatives is identi-
cally zero.
B. The full system
1. Anomalous dimensions and RG improvement
Next we want to analyze the fixed point of the full
nonlinear system of beta functions (21,22), including the
anomalous dimensions. The formulas (23-34) do not di-
rectly give the anomalous dimensions, rather they give a
set of linear equations for the anomalous dimensions. The
appearance of the anomalous dimensions on the r.h.s. of
these equations is due to the fact that couplings that
enter the regulator function (in this case, the wave func-
tion renormalizations ZΨ) have to be treated as running
parameters. If we denote ~η = (ηh, ηc, ηS , ηD, ηV ), these
equations can be written in the form
~η = ~η1(Λ˜, G˜) +A(Λ˜, G˜)~η . (48)
where ~η1 is the leading one loop term and A is a matrix
of coefficients.
The reason for calling η1 the one loop anomalous di-
mension is that in the functional RG the one loop ap-
proximation consists precisely of neglecting the running
of the couplings in the r.h.s. of the Wetterich equation.
To avoid misunderstandings, let us also comment that
in a single-field truncation, where one neglects the terms
of order h in (13), the anomalous dimension is identified
with
− k d
dk
log
(
1
16πG
)
. (49)
This is the origin of the often-made statement that the
one loop approximation consists of neglecting the anoma-
lous dimensions. In a two-field truncation, with indepen-
dent wave function renormalization for the fluctuation
field, this statement is not true and one can have anoma-
lous dimensions at one loop.
In order to write the anomalous dimensions as func-
tions of G˜ and Λ˜ one has to solve this system of equa-
tions. We refer to this as “the RG improvement”. The
resulting expressions are considerably more complicated
than the ones appearing in eq. (23-34). In particular they
are rational functions in Λ˜ and G˜ whose numerators and
denominators are polynomials of higher order than the
ones appearing in the leading one loop terms. Since the
full equations contain polynomials of higher order than
the leading ones, they will also have more solutions. In
general we consider to be reliable those features of the
system that can be seen already in simple approxima-
tions and that persist when more complicated features
are taken into account. This implies that all the addi-
tional solutions of the full system that are not present in
the one loop system are spurious.
Furthermore, in situations where the anomalous di-
mensions become large, the improvement terms can be-
come numerically dominant relative to the leading terms,
in which case also the true solutions may exhibit fea-
tures that are non-physical. Clearly this means that the
9“RG improved” results have to be taken with great care
when the anomalous dimensions become large. In order
to avoid potential pitfalls due to these facts, unless oth-
erwise stated in what follows we shall present the results
taking only the leading terms of the anomalous dimen-
sions into account. We will discuss explicitly some cases
when the full nonlinear system can be studied and gives
reliable results.
2. Selection criteria
Even the leading one loop flow equations are very non-
linear, and for any given triple (ND, NS , NV ), there may
be several fixed points. How do we know whether a fixed
point is physically significant or just an artifact of the
truncation? Since the nontrivial fixed point in the ab-
sence of matter is relatively well understood, we try to
select among all possible fixed points in the presence of
matter the one that derives from a continuous deforma-
tion of the fixed point without matter. The following
criteria are also useful.
• We discard those fixed points for which G˜∗ < 0. As
already remarked, although the fixed-point value
of G˜ is not restricted by observations, its low-
energy value is. Thus a realistic model of gravity
must show an RG flow towards the IR, such that
G˜(kIR) > 0. To the best of our knowledge, no trun-
cation exists in which G˜ changes sign under the RG
flow, thus ruling out G˜∗ < 0.
• We discard fixed points which have less than two
relevant directions. While in principle the low-
energy value of the Newton coupling or the cosmo-
logical constant could be a prediction of the theory,
both correspond to free parameters of the pure-
gravity theory. We expect that for a small num-
ber of matter degrees of freedom, the number of
critical exponents should not change, otherwise the
truncation would be insufficient. This does not rule
out the possibility that a very large number of mat-
ter degrees of freedom leads to substantial changes
in the properties of the theory and a viable fixed
point has only one relevant direction, but we do not
consider this possibility in the following.
Following this procedure, we find severe restrictions on
the number of matter and gauge fields compatible with
asymptotically safe gravity. Note that some of the fixed
points found in this way can have rather large critical
exponents. Such large values indicate a huge departure
from canonical scaling and imply that quantum fluctu-
ations have a very big effect. Thus our truncation is
presumably insufficient to capture the relevant physics
in this case, and yields unreliable results.
3. Anomalous dimensions and predictivity
A connection exists between the anomalous dimension
of the fields and the critical exponents at an interacting
fixed point, so that we can deduce a bound on the anoma-
lous dimension by requiring predictivity of the theory:
Let us consider an operator O = Φn, where Φ stands for
any of the fluctuation fields of the theory, e.g., the gravi-
ton. The dimensionality of the corresponding coupling
gO is then given by dg = d − n dΦ, where dΦ is the di-
mensionality of the field. Accordingly, the dimensionless
coupling g˜O is given by
g˜O = gO
k−d+ndΦ
Z
n
2
Φ
. (50)
The β function for the coupling g˜O will thus have the
following structure
βg˜O =
(
−d+ ndΦ + n
2
ηΦ
)
g˜O + . . . , (51)
where we have introduced the anomalous dimension ηΦ =
−∂t lnZΦ. The additional terms in the β function de-
pend on the particular operator that we consider, and
are nonzero at an interacting fixed point. Neglecting op-
erator mixing, they will result in a shift of the critical
exponent θO from the canonical value (which it has at a
noninteracting fixed point) to
θO = −∂βg˜O
∂g˜O
|g˜O=g˜O∗ = d− ndΦ −
n
2
ηΦ + . . . . (52)
The sign of the critical exponent cannot be determined
from general arguments, but must be fixed by an explicit
calculation. At an interacting fixed point, the anomalous
dimension constitutes a further departure from canonical
scaling, that scales with n. Predictivity demands that at
most a finite number of operators should be shifted into
relevance at an interacting fixed point. This implies that
ηΦ > −2dΦ + 2d
n
n→∞−−−−→ −2dΦ. (53)
In the case of the graviton, dh =
d−2
2 , therefore
ηh > −d+ 2. (54)
Considering operators O that contain derivatives will
generally give a weaker bound; here we will consider the
strongest possible bound. We will use this as a fourth
criterion to bound the number of matter fields compati-
ble with asymptotic safety. We will not take into account
similar bounds on the matter anomalous dimension, as
we have neglected all matter self-interaction. We thus
assume that our values for the matter anomalous dimen-
sions will change in a more complete truncation.
In the following, we apply the criteria specified above
and discuss the compatibility of scalars, Dirac fermions
and vectors with a viable fixed point for gravity.
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C. Fixed points
1. No matter
The anomalous dimensions of the ghosts had been cal-
culated previously in [49], [50]. The running of the gravi-
ton two point-function had been calculated in [36], [35],
where it was interpreted as running of the cosmological
and Newton couplings. Here we follow [32] in resolving
the difference between the running of the Newton cou-
pling and the anomalous dimension. At this stage, we
ignore the difference between the running of the back-
ground cosmological constant and the mass term in the
graviton propagator. Our derivation differs from previ-
ous ones in the definition of the cutoff and of the anoma-
lous dimension. We use a type II cutoff, in part for co-
herence with the cutoff in the fermionic sector, but also
because it leads to beta functions containing polynomi-
als of lower order and hence with fewer spurious solu-
tions. Furthermore, in the definition of the anomalous
dimension η we have projected the two-point function on
the tensor K, which is the structure it has in the inter-
nal lines. This also has the computational advantage of
depending only on the metric and not on the external
momenta. We list the results in the following table.
TABLE I:
1L-II full-II full-Ia Ref. [32]
Λ˜∗ 0.010 0.009 −0.049 −0.008
G˜∗ 0.772 0.776 1.579 1.446
θ1 3.298 3.317 3.991 3.323
θ2 1.954 1.925 1.290 1.954
ηh 0.269 0.299 0.540 0.072
ηc −0.806 −0.814 −1.390 −1.503
The first two columns give the results of the one loop
approximation, as defined in subsection IV.B.1, and the
RG improved equations, both with the type II cutoff.
The difference is very small, in accordance with the fact
that the anomalous dimension of the graviton is small.
The third column gives the result we obtain using a cutoff
of type Ia instead of II. The difference with the first col-
umn is not very small quantitatively, in line with previous
discussions of the scheme-dependence in this approach
[19, 59]. A higher order truncation would be needed to
improve this aspect. The last column gives the results
of reference [32], who also used a cutoff of type Ia. The
differences that are seen between the last two columns
can thus all be attributed to our different definition of
the anomalous dimensions. The main difference between
these results and the earlier literature lies in the real crit-
ical exponents, which are seen to be only weakly depen-
dent on the technical details. We anticipate that this is
mainly due to our identification of the “graviton mass”
(the term quadratic in h and without derivatives in (13))
with the background cosmological constant. When the
graviton mass is allowed to run independently the flow
in the Λ˜-G˜ plane has again complex critical exponents,
while the flow in the mass-G˜ plane looks like the one
discussed here. We will return to this point in a future
publication.
2. Scalar matter
Even though physically NS must be an integer, math-
ematically one can study the dependence treating NS
as a continuous parameter. For NS ≤ 12 the effect of
scalars is to push Λ˜∗ towards larger values, while G˜∗ is
almost stable. The product Λ˜∗G˜∗, which is generally
known to be quite independent of technical details such
as gauge and cutoff choice, increases slowly, see fig. 4. In
this regime the critical exponents change little while the
anomalous dimensions increase in absolute value, main-
taining the same sign (ηh > 0, ηc < 0 and ηS < 0). There
is a sharp change of behavior of Λ˜∗ for NS ≥ 12. Beyond
this value, the cosmological constant stops growing with
NS , while G˜∗ begins to grow and also the critical expo-
nents become very large (O(103)).
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FIG. 4: Left and middle: Position of the fixed point as a function of the number of scalar fields. Right: critical exponents.
Note the logarithmic scales. All with type II cutoff and one loop anomalous dimensions.
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FIG. 5: The graviton (left), ghost (middle) and scalar (right) anomalous dimensions as functions of the number of scalar fields.
As far as we could see, the change of behavior occurs
smoothly over the whole range, so one has a continu-
ous deformation of the pure gravity fixed point up to
NS ≈ 27.7 where G˜∗ diverges. As in the perturbative
approximation, there is therefore a maximal number of
scalar fields that is compatible with the existence of a
viable fixed point. This is in contrast to [41, 42], where
the fixed point seemed to exist for any number of scalars.
We believe that fixed point to be an artifact of the iden-
tification of ηh with (49) in the single field truncation.
The effect of scalar fields on the position of the fixed
point, on the critical exponents and on the anomalous di-
mensions is shown in figs. 4,5, at one loop and with type
II cutoff. Including the RG improvement results in more
complicated behaviour. While the fixed-point value for
the Newton coupling is nearly constant up to NS = 11,
it rises sharply thereafter. At the same time, Λ˜∗ ≈ 0.25
becomes nearly independent of NS . The critical expo-
nents are complex for 12 ≤ NS ≤ 50 and their real part
is negative for 15 ≤ NS ≥ 20. The singularity is deferred
to NS ≈ 85.
With a type Ia cutoff the anomalous dimensions re-
main smaller and the fixed point becomes complex at
NS ≈ 17. This lower limit is in line with the result
of the perturbative approximation. We thus observe a
significant scheme-dependence for NS > 12. This, to-
gether with the fact that the anomalous dimensions be-
come rather large in that range, makes the full RG im-
proved equations unreliable. This suggests, that the fixed
point beyond NS = 17 could be a truncation artifact.
In the future we may understand better which trun-
cation gives physically reliable results but for the time
being the scheme dependence has to be taken as a mea-
sure of the theoretical uncertainties. For now we can say
with good confidence that the fixed point ceases to ex-
ist when the number of scalars becomes of the order of
22 ± 5. To sharpen this number, one should study the
behavior of higher background curvature terms, for ex-
ample repeating the analysis in [33] under the inclusion
of scalars. On the other hand, in order to understand
whether the large negative scalar anomalous dimension
could lead to an increase in the number of relevant direc-
tions, one should study this question in the presence of
scalar self-interactions [38].
3. Fermionic matter
As already observed in [41], the effect of fermions is to
push G˜∗ to larger values and Λ˜∗ to more negative values,
cf. fig. 6, see app. C for detailed values.
At a critical number of fermions ND ≈ 10.1, G˜∗ goes to
+∞ and Λ˜∗ goes to −∞. This is similar to the behavior
seen in the perturbative analysis. Accordingly fermions
have a destabilizing effect on asymptotic safety in gravity,
reminiscent of a similar effect of fermions on asymptotic
freedom in gauge theories.
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FIG. 6: The values of G˜∗ (dots) and Λ˜∗ (squares) as functions
of the number of Dirac fields, at one loop with type II cutoff.
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FIG. 7: The critical exponents θ1,2 as functions of the number
of Dirac fields.
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FIG. 8: The graviton (left), ghost (middle) and fermion (right) anomalous dimensions as functions of the number of fermion
fields, all at one loop and with type II cutoff.
Below the critical number the solution to the micro-
scopic equation of motions at the fixed point – within
our truncation – is the Euclidean version of anti deSitter
space. Thus, AdS/CFT-type dualities might be of use to
understand the microscopic gravitational action.
Fermionic fluctuations have only a small effect on the
values of the critical exponents, cf. fig. 7. This suggests
that fermionic matter does not change the number of rele-
vant directions of background operators. In contrast, the
graviton anomalous dimension grows, cf. fig. 8. These
results show only a very weak scheme-dependence. The
main difference in the RG improved case lies in the fact
that the fermionic anomalous dimension remains nega-
tive up to the critical value of ND.
The main result of our analysis up to this point lies
in the existence of a maximum number of fermions and
scalars compatible with the gravitational fixed point
within our truncation. This is true also for combinations
of scalars and fermions, as seen in fig. 9, which shows the
existence region of the fixed point in the NS-ND-plane for
NV = 0. Note the qualitative agreement with the anal-
ysis of the perturbative approximation in section IV.A.
We conclude that the inclusion of dynamical matter can
fundamentally change a quantum theory of gravity, or
even make it inconsistent. It is thus crucial to include
realistic matter degrees of freedom in the investigation of
the asymptotic-safety scenario for quantum gravity.
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FIG. 9: The points in the NS-ND plane compatible with
a gravitational fixed point with two relevant directions for
NV = 0. The line represents the perturbative bound (40).
Lighter shades of gray mean smaller ηh; black means ηh > 10.
4. Vector fields
In contrast to scalars and fermions, we find no bound
on the number of vector fields compatible with a viable
gravitational fixed point. The effect of vector degrees
of freedom is always to decrease G˜∗ and to increase Λ˜∗.
The position of the fixed point and the values of the crit-
ical exponents and anomalous dimensions are shown in
figs. 10,11, for 0 ≤ NV ≤ 50, covering all phenomenolog-
ically interesting models. The behavior is very smooth.
From the point of view of the NV -dependence, however,
this is still a transient range. For very large NV all quan-
tities reach the following asymptotic values:
TABLE II:
G˜∗ Λ˜∗ θ1 θ2 ηh ηc ηV
limNV→∞ 0 3/8 4 2 9/10 0 0
This picture holds with small quantitative changes also
when the RG improvement is taken into account, and
with type Ia cutoff. The most significant difference lies
in the fact that the vector anomalous dimension does
not change sign even for large NV , when the RG im-
provement is taken into account. We therefore believe
that the existence of the fixed point is a true feature of
gravity coupled to vector fields. It will be interesting to
see whether the gauge coupling remains asymptotically
free when Yang-Mills is coupled to gravity.
As a preliminary step, we consider the effect of grav-
itational fluctuations on the beta-function of the gauge
coupling in the abelian case. In the context of asymptotic
safety, this has been considered previously in [60–62]. In
d = 4 the beta function is given by
βg =
1
2
ηV g ≈ g
3ND
12π2
− 3
8π
g G˜+
3
2π
g G˜Λ˜2. (55)
For a small value of the cosmological constant, we observe
that gravitational fluctuations lead to an asymptotically
free fixed point. Whether this behavior carries over to
the QED coupling when defined as in [63], is an open
question. As in [62], there is also a non-Gaußian fixed
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point, at which the QED coupling is irrelevant, and its
value in the infrared can be predicted. A main difference
to [62] lies in the Λ˜-dependence of our result, which is
quadratic, instead of linear in Λ˜. For |Λ˜| > √0.4, the
Gaußian and the non-Gaußian fixed point merge, and
only a UV-repulsive Gaußian fixed point remains. For
the matter content of the Standard Model, only the UV-
repulsive noninteracting fixed point remains.
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FIG. 10: Position of the fixed point (left and middle) and critical exponents (right) as a function of number of vector fields.
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FIG. 11: The graviton (left), ghost (middle) and vector (right) anomalous dimensions as functions of the number of vector
fields.
5. Specific matter models
A viable gravitational fixed point exists for a small
number of matter fields. Increasing the number of mat-
ter fields, two mechanisms can remove the fixed point: A
first possibility is for G˜∗ and/or Λ˜∗ to diverge. A second
mechanism is the collision of fixed points: The beta func-
tions admit several zeros, which move in the G˜-Λ˜ plane in
dependence of the number of matter fields. These fixed
points can collide, at which point they move off the real
axis to complex values. These mechanisms are responsi-
ble for the existence of boundaries in the (NS , ND, NV )
space.
Before discussing the shape of the boundaries, we will
investigate the compatibility of specific matter models
with the asymptotic safety scenario. Note that our re-
sults rely on a particular truncation, thus extended trun-
cations could result in quantitative changes. Recall also
that we neglect all matter-self-interactions which are
present in specific matter models. In particular we do
not distinguish between abelian and non-abelian gauge
bosons.
We begin with the standard model (in its original form
excluding right-handed neutrinos). For reasons that have
been discussed earlier, we take as our benchmark the
one-loop results obtained with type II cutoff. These are
reported in the first column of the following table.
TABLE III: Standard model matter
1L-II full-II 1L-Ia full-Ia
Λ˜∗ −2.399 −2.348 −3.591 −3.504
G˜∗ 1.762 1.735 2.627 2.580
θ1 3.961 3.922 3.964 3.919
θ2 1.644 1.651 2.178 2.187
ηh 2.983 2.914 4.434 4.319
ηc −0.139 −0.129 −0.137 −0.125
ηS −0.076 −0.072 −0.076 −0.073
ηD −0.015 0.004 −0.004 0.016
ηV −0.133 −0.145 −0.144 −0.158
So the first and most important observation is that
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the matter content of the standard model is compatible
with the existence of a fixed point. By first adding, one
at the time, the vector fields, then the scalars, then the
fermions, one can convince oneself that this fixed point
is a continuous deformation of the one discussed in sec-
tion IV.C.1. The second column shows the properties of
the fixed point of the RG improved beta functions. They
are not very different from the one loop results, as ex-
pected from the fact that the anomalous dimensions are
not very large. The other two columns show the prop-
erties of the same fixed point when one uses a type Ia
cutoff. As observed earlier, with this cutoff the allowed
region is smaller, so the standard model is closer to the
boundary and this explains why the couplings are larger.
The variations are typical for the scheme dependence in
this approach. All the evidence leads us to believe that
this fixed point is a genuine feature of the theory and not
an artifact of the truncation.
TABLE IV: Fixed-point values, critical exponents and anoma-
lous graviton dimension for specific matter content.
model NS ND NV G˜∗ Λ˜∗ θ1 θ2 ηh
no matter 0 0 0 0.77 0.01 3.30 1.95 0.27
SM 4 45/2 12 1.76 -2.40 3.96 1.64 2.98
SM +dm scalar 5 45/2 12 1.87 -2.50 3.96 1.63 3.15
SM+ 3 ν’s 4 24 12 2.15 -3.20 3.97 1.65 3.71
SM+3ν’s
+ axion+dm 6 24 12 2.50 -3.62 3.96 1.63 4.28
MSSM 49 61/2 12 - - - - -
SU(5) GUT 124 24 24 - - - - -
SO(10) GUT 97 24 45 - - - - -
Theories that go beyond the standard model contain
more fields. So let us consider these models, starting from
the ones with fewer fields. A very minimal extension is a
single further scalar field, which can be viewed as a model
of dark matter [64–67]. This has a small effect, as seen in
the third row of table IV. In the fourth row we consider a
model with three right-handed neutrinos, to account for
neutrino masses. This has a somewhat larger effect but
is still clearly compatible with asymptotic safety. In the
fifth row we consider a model with three right-handed
neutrinos and two scalars, one of which can be thought
of as the axion [68–71], the other as dark matter. This
model is still in the allowed region with the type II cutoff,
but if one were to use the more stringent type Ia cutoff
it would be quite close to the boundary. This model
is therefore nearly as extended as one can get without
adding further gauge fields. The extent of the allowed
region with NV = 12 is shown in figure 12.
One important example of a model that is beyond the
boundary is the MSSM. In the one loop approximation
with type II cutoff there is actually no real solution with
the matter content of the MSSM. In the RG improved
equations, two real solutions with positive G˜∗ exist, but
they have one positive and one negative critical exponent
and are therefore not a continuous deformation of the no-
matter fixed point. A similar situation holds with type Ia
cutoff. Since they do not appear already in the one loop
approximation they are likely to be truncation artifacts.
We conclude that the matter content of the MSSM, again
neglecting the non-abelian nature of the gauge bosons, is
incompatible with the existence of a fixed point.
In the case of GUTs the fermion content is the same as
the SM (typically with right-handed neutrinos included)
and there are more gauge fields, so one may hope that
they are compatible with a fixed point. In this case,
however, it is the large number of scalars that poses a
severe challenge. As examples we consider an SU(5) and
an SO(10) model, both with minimal scalar sectors. In
both cases the fermionic sector consists of three genera-
tions including right-handed neutrinos, i.e., a total of 48
Weyl spinors, which count like 24 Dirac spinors. In the
case of SU(5), we consider three scalar multiplets: one
in the adjoint (24 real fields), one in the fundamental (5
complex fields) and one in the complex 45-dimensional
representation. This sums up to NS = 124. In the case
of SO(10) a minimal scalar sector would contain the ad-
joint (45 real fields) the fundamental (10 complex fields)
and one (complex) 16 [73] leading to NS = 97.
The SU(5) model actually has one fixed point with
large G˜∗ = 37, large critical exponents −80 and 38 with
opposite signs, implying that it is not connected to the
no-matter fixed point. Furthermore it has a huge anoma-
lous dimension ηh = 84 which makes it rather unreliable.
The RG improved beta functions again have a single real
fixed point with positive G˜∗ = 0.21, but in a very dif-
ferent position and with very different critical exponents
−5.3 and 1.4 which make it impossible to identify it with
the one of the one loop approximation. This strength-
ens the suspicion that they are both truncation artifacts.
So while one cannot strictly exclude the existence of a
fixed point for this particular matter content, it is be-
yond the boundary of our allowed region. In the case of
the SO(10) model this conclusion is even stronger, since
there is no real nontrivial fixed point. Considering that
realistic GUT models have many more scalars than the
minimal models considered here, one can conclude with
good confidence that GUTs with fundamental scalars are
incompatible with a gravitational fixed point.
Technicolor-like models [72], which dispense with fun-
damental scalars, and instead introduce further fermions
and gauge bosons, could very well be compatible with a
fixed-point scenario for gravity, as larger numbers of vec-
tors also imply a larger number of fermions compatible
with the fixed point.
Fig. 12 shows the region in the NS-ND-plane where
a fixed point exists with G˜∗ > 0, θ1, θ2 > 0 for NV = 12,
at one loop and with type II cutoff. In comparison to
the perturbative results, the inclusion of the anomalous
dimensions leads to a more complicated shape of the
boundary, but it remains true that continuous deforma-
tions of the fixed point without matter are only possible
in a bounded domain of the plane. When one increases
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the number of scalars or fermions at fixedNV one encoun-
ters a singularity, or the fixed point becomes complex.
The fixed points in the disconnected island on the right
cannot be continuously deformed into the one without
matter. Instead, they are the continuation of a fixed
point that is complex in the permitted region connected
to the origin, and becomes a pair of real fixed points for
larger number of scalars. For small NV the gap closes
and there are combinations of matter fields such that
the two fixed points are both real. This can be see in
fig. (13) which shows the exclusion plot in the plane
ND = 0. (No such phenomena occur in the NS = 0
plane.) Since the second fixed point coexists with the one
that we regard as physically significant in some region of
the (NS , ND, NV ) space, it is probably an artifact of the
truncation. Consequently, also in the rest of the space,
its significance is doubtful. More detailed investigations
will be necessary to clarify this point.
The shades of grey in figures 9, 12, 13 are related to the
value of the graviton anomalous dimension, with darker
tones indicating a larger anomalous dimension. We ob-
serve that ηh becomes very large (O(10
3)) at some points
in the horn of fig. 9 and near the boundary, at small NS .
The restriction ηh > −2 is automatically satisfied every-
where and does not add significant restrictions, however
the dark dots indicate that the truncation used is unreli-
able. Our graphs should therefore be taken with a grain
of salt, as the shape and position of the boundary could
change in an extended truncation.
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FIG. 12: The region compatible with the existence of a gravi-
tational fixed point with G˜∗ > 0 and two attractive directions
for d = 4, NV = 12. The line represents the perturbative
bound (40). Lighter shades of gray mean smaller ηh; black
means ηh > 10.
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FIG. 13: Left: existence region of the fixed point connected to the one without matter, in the plane ND = 0. Middle: existence
region of a second real fixed point with two relevant directions, in the same plane. The line ND = 0 in fig. (12 corresponds to
the line NV = 12 in these two figures.
The overall conclusion of this brief investigation is that
asymptotic safety puts very strong restrictions on the
matter content. It is thus interesting to observe that
limited, observationally well-motivated extensions of the
standard model are compatible with a fixed point for
gravity, while models that demand a larger number of de-
grees of freedom for internal consistency reasons (such as
supersymmetric models) are incompatible with the fixed-
point scenario. The observation of many more fundamen-
tal particles at LHC or future accelerators could therefore
pose a severe challenge to the asymptotic safety scenario.
D. The quantum gravity scale with matter
Although the asymptotic safety scenario aims at a
construction of a continuum quantum gravity model,
where no fundamental kinematical length scale exists, a
quantum-gravity scale will emerge dynamically. This is
very similar to QCD, where quantum fluctuations lead
to the dynamical generation of ΛQCD, which is a phys-
ical scale at which the behavior of the theory changes
drastically. In quantum gravity the transition scale
to the fixed-point regime is the dynamically generated
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quantum-gravity scale. There, the theory changes from
the phase in which the dimensionful Newton coupling is
constant, to a scale-free regime in which G(k2) ∼ 1k2 ,
which is conjectured to become visible, e.g., in graviton-
mediated scattering cross sections [74–76]. A priori, this
scale could take any value, but has been found to be close
to the Planck scale in previous studies of the Einstein-
Hilbert truncation [77]. Note that this notion of a quan-
tum gravity scale differs from that discussed, e.g., in [78],
where a quantum gravity scale is defined by G˜ ∼ 1. These
two scales differ. The latter can be understood as a scale
where quantum gravity effects in general become impor-
tant. The former is a scale pertaining to the notion of
asymptotic safety, and can be thought of as a scale at
which predictions from asymptotic safety will differ from
other quantum gravity theories.
Trajectories passing very closely to the Gaußian fixed
point before approaching the UV fixed point [77] exist
also under the inclusion of matter. We thus expect to find
a fine-tuned trajectory where the gravitational couplings
take on their measured values in the infrared. On trajec-
tories similar to this highly fine-tuned one, all quantities
then clearly show the dynamical emergence of a scale at
which the fixed-point regime is reached. We fix the di-
mensionless Newton coupling and cosmological constant
to fixed values G˜0, Λ˜0 at a given IR scale, and then nu-
merically integrate the RG flow towards the UV. We ob-
serve that scalars seem to have little effect on the transi-
tion scale, whereas fermions shift this scale towards larger
values. There are two competing effects at work here: If
the fixed-point coordinates of the NGFP are further away
from the GFP, the flow takes up more ”RG-time” until
it reaches the fixed point, if the critical exponents are
unchanged. If the critical exponents change also, they
also alter the amount of ”RG-time” necessary to reach
the fixed point. Since the effect of fermions is to induce a
considerable shift in the fixed-point values towards larger
G˜ and more negative Λ˜, they shift the QG scale towards
higher values. In the case of the Standard Model, the
effect is less pronounced than in the case with fermions
only. In our evaluation, we found a shift of the transition
scale to the fixed-point regime by a factor of approxi-
mately 10.
Our study suggests that the dynamically generated
quantum gravity scale is not independent of the exist-
ing matter degrees of freedom, as has also been observed
in [78]. If a shift to higher scales is confirmed beyond
our truncation, discovering phenomenological imprints of
asymptotically safe quantum gravity might become even
more challenging. It would be interesting to include the
effect of the running Newton coupling into numerical cal-
culations in the strong-gravity regime, such as those per-
formed in [79]; see also [80, 81] for the discussion of black-
hole production in asymptotic safety.
E. Higher-dimensional cases
Large extra dimensions have a number of theoretical
motivations, and have been shown to be compatible with
asymptotically safe gravity in the Einstein-Hilbert trun-
cation [22] and under the inclusion of fourth-order deriva-
tive operators [34]. While extra dimensions are not nec-
essary for the consistency of the model, they seem well
compatible with it. Phenomenological implications have
been studied in [74–76]. Experimentally, the best upper
bounds on their radius come from recent LHC results,
see, e.g., [82, 83].
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FIG. 14: The region compatible with the existence of a gravi-
tational fixed point with G˜∗ > 0 and two attractive directions
for d = 5 (top) and d = 6 (bottom) and NV = 12. Lighter
shades of gray mean smaller ηh; black means ηh > 10.
While the extra dimensions have to be compactified in
a realistic setting, we can neglect the effect of compactifi-
cations here: At momentum scales much higher than the
inverse compactification radius, the difference between
a continuum of momentum modes and a discrete set of
Kaluza-Klein modes has no effect.
The allowed regions for d = 5, 6 and NV = 12, at
one loop and with type II cutoff, are shown in fig. 14.
We see that the standard model would still be (barely)
compatible with a fixed point in d = 5 but it is not in
d = 6. It would be incompatible also in d = 5 if we used
the type Ia cutoff. This case is therefore marginal and
needs further investigation.
It appears that the existence of sufficiently many mat-
ter fields poses a new restriction on the number of di-
mensions compatible with asymptotic safety. While a
pure gravitational fixed point exists in these dimensions,
the observed matter degrees of freedom tend to destroy
it, at least within our truncation. Whether this changes
if only gravity can propagate into the extra dimensions
would have to be re-examined.
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F. Anomalous dimension
In the scale-free fixed-point regime, the value of the
anomalous dimension can be related to the momentum-
dependence of the propagator as follows
P (p) ∼ 1
(p2)
1−η/2
. (56)
It is interesting to observe that while a negative value
of η implies a UV suppression of the propagator, a pos-
itive value corresponds to a UV-enhancement. For the
background-field anomalous dimension, ηN = −2 arises
as a fixed-point requirement, and could be read as a UV
suppression. In contrast, the fluctuation field anoma-
lous dimension without matter implies a rather weak
UV enhancement of the graviton propagator. Scalar and
fermion fields push ηh into the large positive region, and
vectors also tend to increase it, at least as long as NV is
not too large. The result is that for the Standard Model
we have a rather large positive anomalous dimension, cor-
responding to a strong enhancement.
A large anomalous dimension ηh implies that for a
more detailed understanding of the imprints of asymp-
totic safety on scattering cross sections in graviton-
mediated scattering processes, the inclusion of vertex
anomalous dimensions is necessary, as the UV scaling of
the propagator alone implies an increase of the scattering
cross section at high energies.
Quantitative changes are expected for ηh, when
momentum-dependent higher-order correlation functions
for the graviton are included in the truncation, and it
remains to be investigated, whether ηh < 0 then, as
one might naively expect for the unitarization. Mak-
ing the simplifying assumption that graviton-matter ver-
tices with one graviton and two matter fields do not get
any explicit renormalization, the quantum-fluctuation-
induced scaling of those vertices is determined purely by
the anomalous dimensions. For instance, the dimension-
less coupling ghφφ of an operator of the form hµν∂µφ∂νφ,
will then scale as ghφφ ∼ kηS+
ηh
2 . For graviton-mediated
scattering processes, we encounter a divergence of the
scattering cross section with the center-of-mass-energy
at tree-level, if quantum-gravity-induced renormalization
effects are not taken into account. Here we observe, that,
upon an identification of k2 with the center-of-mass en-
ergy s, we would conclude that a negative anomalous
dimension for matter and gravity improves the situation,
as there is the additional scaling s2ηS+ηh . Additionally,
the graviton propagator scales nontrivially with an ad-
ditional 1
p−ηh
. The combined effect could even lead to a
fall-off of the scattering cross-section, depending on the
size of the anomalous dimensions. Matter fluctuations
tend to drive ηh to positive values, which is not the cor-
rect sign expected for the unitarization. Note that this
expectation is subject to the scale identification k ∼ √s,
which might not capture the quantum effects correctly
[84].
V. CONCLUSIONS
In this work, we have reexamined the compatibility of
minimally coupled matter degrees of freedom with the
asymptotic safety scenario for gravity. This issue had
been addressed before [41, 42], but advances in our un-
derstanding in the intervening ten years lead to correc-
tions and improvements. Our present treatment differs
in two crucial ways. One is the way the cutoff is imple-
mented on fermions: In [41, 42] the cutoff was chosen to
be a function of − (so-called type I cutoff), whereas
here the cutoff is chosen to be a function of − + R4 .
As discussed in [52], the correct procedure is to impose a
cutoff on the eigenvalue of the Dirac operator itself, and
this is equivalent to the type II procedure. The second
difference is in the treatment of the anomalous dimen-
sion of the graviton. In order to close the flow equations,
the approximation ηh = ηN ≡ ∂tG/G was made ear-
lier. However, the effective average action Γk(gµν , hµν)
is a functional of two fields: the background metric and
the fluctuation, and the wave function renormalization
of the fluctuation has a different scale dependence from
1/G, which appears as a prefactor in the background
part of the action. We have followed here the calcula-
tion of the graviton anomalous dimension of [32], but
adopting a slightly different definition of the anomalous
dimension. Additionally, we have explicitly calculated
the matter anomalous dimensions, which also enter the
gravitational beta functions. As a result of these changes,
the allowed region in the (NS , ND, NV ) space is quite dif-
ferent from that of [41, 42].
Our main finding is that within the Einstein-Hilbert
truncation for the gravitational degrees of freedom, and
with minimally coupled matter, there are upper limits
on the allowed number of scalar and fermionic degrees of
freedom. Increasing the number of vector fields leads to
slightly weaker bounds. Focusing on models of particular
interest, we find that the standard model matter content
is compatible with an appropriate fixed point.
Small extensions of the SM, e.g., the inclusion of right-
handed neutrinos, an axion and a scalar dark matter
particle, are still compatible, but big enlargements are
highly problematic. In spite of the increase in the num-
ber of gauge fields, realistic GUTs have too many scalars.
Things would improve assuming that the gauge symme-
try is broken dynamically, but we are not aware of de-
tailed models of this type. The MSSM does not show
a viable fixed point within our approximations. Models
with a larger number of vector degrees of freedom, such
as technicolor models, can accommodate a larger number
of fermions and still be compatible with the existence of
the fixed point.
Going to a larger number of dimensions, we find that
the allowed region for the matter content shrinks, and
there is no viable gravitational fixed point compatible
with the standard model matter content in d = 6, while
the case d = 5 is in the balance. This indicates that while
the gravitational dynamics allows for a fixed point in any
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number of dimensions [22, 34], matter dynamics is sensi-
tive to the dimensionality, and tend to destroy the gravi-
tational fixed point above d = 4. Extrapolating the trend
from d=4, 5, 6, we do not expect that the standard model
is compatible with a nontrivial gravitational fixed point
in any number of extra dimensions. Our work thus indi-
cates that a realistic model of asymptotically safe grav-
ity, which includes dynamical matter, disfavors scenarios
with universal extra dimensions. In the future, it could
be interesting to examine this in extended truncations,
and to study different models for extra dimensions. For
instance, our conclusion could change if only gravity can
propagate into the extra dimensions, but matter fields
cannot.
We also examined the effect of matter degrees of free-
dom on the quantum gravity scale. In the asymptotic
safety scenario this is the dynamically generated transi-
tion scale to the fixed-point regime. Physical observables
will presumably exhibit a change of behavior at this scale,
even though there is not strictly speaking a phase transi-
tion. We find that, fixing the IR value of the Newton cou-
pling and the cosmological constant to small positive val-
ues and integrating toward the UV, the fixed-point scale
is moved to higher values under the inclusion of matter,
e.g., in the standard model case. We trace this back to
the fact that for the standard model, the fixed-point co-
ordinates are further away from the Gaußian fixed point,
in the vicinity of which the RG flow towards the UV
starts at low scales. Having a higher transition scale im-
plies that effects of asymptotic safety might become more
challenging to detect,
The limitations of our work should be evident. First
of all, we have restricted ourselves to the cosmological
and Newton coupling. This is partly justified by the fact
that in extended truncations they are confirmed to be
the most relevant ones. Perhaps some further support
for this approximation comes from one loop calculations,
where the (universal) four-derivative terms do not yield
new constraints on matter, and where there exists at least
one cutoff scheme where the same is true of all higher
derivative terms.
Our calculations involve rather large uncertainties, so
most results should be taken as broad trends rather than
precise statements. The beta functions are obtained by
off-shell calculations and are gauge-dependent. We have
used throughout the Feynman-de Donder gauge α = 1.
Regarding the “scheme”-dependence, most results have
been given at one loop and with a type II cutoff on all
degrees of freedom, but we have thoroughly studied also
the case with a type Ia cutoff on the gravitons, and (with
both cutoffs) the RG-improved flow equations. In the
perturbative approximation we have found that using the
type Ia cutoff leads to a restriction of the allowed region
by 12 Dirac fields or 24 scalar fields. This can be taken
as a typical theoretical uncertainty in this type of calcu-
lation. Having given the results for the less restrictive
type II cutoff, it is likely that we have erred by allow-
ing models that are forbidden, rather than the converse.
Detailed calculations with different schemes and/or dif-
ferent gauges will be necessary to sharpen the boundary
of the allowed region.
Another strong limitation is the truncation on the
gravitational action. Even within the context of terms
with two derivatives only, due to the natural bi-metric
dependence of the effective average action, there is a dif-
ference between the cosmological and Newton couplings
that multiply the background field terms, and the coef-
ficients of the terms involving powers of the fluctuation
hµν . In most of the literature, the coefficients of the fluc-
tuation terms have been treated as in the expansion of
the Einstein-Hilbert action, thus identifying them with
the cosmological and Newton coupling. Here we have
made a first distinction between the background New-
ton coupling and the coefficient of the p2h2 term, which
we called Zh. Preliminary results indicate that the next
step, where we distinguish between the background cos-
mological constant and a “mass” term for the graviton,
do not lead to a qualitatively very different picture. We
will return to this extension elsewhere. Still further ex-
tensions would correspond to reading off the strength of
the gravitational fluctuation coupling from the graviton
three- or four- point functions.
Perhaps most importantly, we have neglected all mat-
ter self-interactions. From [38] is is known that quantum
gravity fluctuations induce momentum-dependent mat-
ter self-interactions, which couple back into the anoma-
lous dimensions. We expect that our boundaries in the
(NS , ND, NV )-space will change under a corresponding
extension of the truncation, which is however much be-
yond the scope of the present work.
In spite of these limitations, our work clearly shows
that “matter matters” in asymptotically safe quantum
gravity. Asymptotic safety might not be compatible
with arbitrary extensions of the Standard Model; e.g.,
supersymmetric extensions and higher dimensions seem
to be disfavoured. This opens a new route to obtain
experimental guidance in the construction of a viable
model of quantum gravity: The discovery of many new
fundamental matter fields at the LHC or future colliders
could potentially lead to a situation that is theoretically
inconsistent with asymptotic safety.
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Appendix A: Projection rules
From the truncation Eq. (13), Eq. (15) we deduce the
following projection rules onto the anomalous dimen-
sions. Here and in the following employ the following
conventions for the Fourier-transform:
hµν(x) =
∫
p
h˜µν(p)e
ip·x, Aµ(x) =
∫
p
A˜µ(p)e
ip·x,
φ(x) =
∫
p
φ˜(p)eip·x,
ψ(x) =
∫
p
ψ˜(p)eip·x, ψ¯(x) =
∫
p
˜¯ψ(p)e−ip·x. (A1)
In the following, we will drop the tilde to denote the
Fourier transform. Whether we refer to the field in posi-
tion space or in momentum space will become clear from
the argument of the field. The projection rules then read
∂tZh = 32 πGZN
4
d(3d− 2)
1
2d
∂
∂qµ
∂
∂qµ
Kαβρσ
∫
p
δ
δhαβ(−q)
δ
δhρσ(p)
∂tΓk, (A2)
∂tZV =
1
2d2
∂
∂qµ
∂
∂qµ
(
δκλ + (α− 1)qκqλ
q2
)
·
·
∫
p
δ
δAκ(q)
δ
δAλ(−p)∂tΓk, (A3)
∂tZS =
1
2d
∂
∂qµ
∂
∂qµ
∫
p
δ
δφ(p)
δ
δφ(q)
∂tΓk, (A4)
∂tZD = − 1
2d
1
2d/2
δij
ND
trD
∂
∂qµ
∂
∂qµ
/q ·
·
∫
p
→
δ
δψ¯i(q)
∂tΓk
←
δ
δψj(q)
. (A5)
where trD denotes a trace over Dirac indices.
Appendix B: Vertices
Here we list the matter-graviton vertices arising from
the kinetic terms. We then use the following notation:
Γ2kΦaΦb(p, q) =
→
δ
δΦTa (−p)
Γk
←
δ
δΦb(q)
. (B1)
Herein it only plays a role for the Grassmann val-
ued fermion fields whether the derivative acts from the
left or from the right. Φa(−p) denotes a superfield
ΦTa (−p) = (hµν(−p), ATµ (−p), φ(−p), ψT (−p), ψ¯(p)) and
Φb(p) = (hµν(p), Aµ(p), φ(p), ψ(p), ψ¯
T (−p)).
We denote the antisymmetrisation V[µν] =
1
2 (Vµν − Vνµ) and symmetrisation V(µν) = 12 (Vµν + Vνµ). We obtain:
ΓkAαhκλ(p, q) =
ZV
2
√
32πGAβ(p− q)
(
p · (q − p)δαβδκλ − pβ(qα − pα)δκλ − pκ(qλ − pλ)δαβ − pλ(qκ − pκ)δαβ
+pκ(qα − pα)δλβ + pλ(qα − pα)δβκ − p · (q − p)δακδβλ − p · (q − p)δαλδβκ + pβ(qκ − pκ)
+pβ(qλ − pλ)δακ
)
, (B2)
Γk hκλAα(p, q) = ΓkAαhκλ(−q,−p), (B3)
Γk hκλφ(p, q) = −
ZS
2
√
32πG
(
δκλ(p · q − q2)− pκqλ − pλqκ + 2qκqλ
)
φ(p− q), (B4)
Γk φhκλ(p, q) = Γk hκλφ(−q,−p), (B5)
Γk hκλψ(p, q) =
ZD
4
√
32πGψ¯(p− q) (δκλγρ(2qρ − pρ)− γλ(2qκ + pκ)) , (B6)
Γk hκλψ¯(p, q) =
ZD
4
√
32πG (δκλγ
ρ(2qρ − pρ)− γλ(2qκ + pκ))ψ(p− q). (B7)
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Γk hαβhγδ |Aµ=ψ=ψ¯=h=0(p, q) = −
ZS
16
32πG
∫
l
φ(p− q − l)φ(l)
(
2 (δαβδγδ − (δαγδβδ + δαδδβγ)) (p− q − l) · l
−2δαβ2(p(γ − q(γ − l(γ)lδ) − 2δγδ2(p(α − q(α − l(α)lβ)
+2
(
2δγ(α(pβ) − qβ) − lβ))lδ + 2δδ(α(pβ) − qβ) − lβ))lγ
))
(B8)
For the matter contributions to the graviton anomalous dimension, we also require the second functional derivative of
Γk with respect to the matter fields, and expanded to first order in the metric fluctuation field, where h(p) = δ
µνhµν(p).
ΓkAαAβ (p, q) =
ZV
4
√
32πG
(
1
2
h(p− q)δµν − 2hµν(p− q)
)(
pµqνδαβ − 2pµqαδνβ + p · qδαµδβν + qµpνδαβ
−2qµpβδαν + p · qδανδβµ
)
, (B9)
Γk φφ(p, q) =
ZS
2
√
32πGhµν(p− q) (δµνp · q − pµqν − pνqµ) , (B10)
Γk ψ¯ψ(p, q) =
ZD
4
√
32πG (h(p+ q)γρ (pρ + qρ)− hµν(p+ q)γν (pµ + qν)) . (B11)
For the two tadpole diagrams with internal (external) photons and external (internal) gravitons, we require the
following:
δ
δAχ(p1)
δ
δAξ(−p2)
δ
δhτη(−p)
δ
δhγδ(q)
Γk (B12)
= −ZV
8
32πG
([1
2
(δατ δβη + δαηδβτ )
1
2
(δγµδδν + δγνδδµ) +
1
2
(δαγδβδ + δαδδβγ)
1
2
(δτµδην + δτνδηµ)
]
·{
2p1[κδλ]χ2(p[ρ − q[ρ − p1[ρ)δσ]ξ + 2(p[κ − q[κ − p1[κ)δλ]ξ2p1[ρδσ]χ
}
·[(
−1
2
δαµδβν +
1
4
δαβδµν
)
δκρδλσ − 2δκρδαβδλµδσν + 4δβνδακδµρδλσ + 2δµκδνρδαλδβσ
])
δd(p− q − p1 − p2).
δ
δφ(p1)
δ
δφ(−p2)
δ
δhµν(−p)
δ
δhκλ(q)
Γk (B13)
= −ZS
16
32πG
(
−4δµνδκλp1 · p2 + 4(δµκδνλ + δµλδνκ)p1 · p2 + 4δµν2p1(κp2λ)
−8 (δν(κp1λ)p2µ + δµ(κp1λ)p2ν + δκ(µp1ν)p2λ + δλ(νp1µ)p2κ))δd(−p1 + p2 − p+ q). (B14)
Herein the derivatives with respect to the external fields are part of the projection rule Eq. (A2) and Eq. (A3). From
the fact that these vertices are at most first order in the graviton momenta, it is clear that there is no contribution
to ηh from the tapdole diagrams.
For the fermionic part, we will show the expansion to second order in the gravitons here, from which the expressions
for the vertices can be derived straightforwardly:
Γk
∣∣∣
φ=0=A
= −32πGZD
2
∫
p,q,l
ψ¯(p+ q + l)
((
−1
2
hκλ(p)hκλ(q) +
1
4
h(p)h(q)
)
(/p+ /q) + γκhκλ(p)hλτ (q)
(
3
4
lτ +
1
2
pτ +
1
4
qτ
)
γκhκτ (q)h(p)
(
−1
2
lτ − 1
4
pτ − 1
4
qτ
)
+
1
4
h(p)/qh(q)− 3
16
(
/p+ /q
)
hκλ(p)hκλ(q)
−1
8
γτγκγλhµκ(p)hµλ(q)qτ
)
ψ(l) (B15)
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We obtain the following (inverse) propagators, and also give their inverse for the case of nontrivial tensor structures:
Γ
(2)
kAµAν
∣∣∣
h=0
= ZV
(
p2δµν − α− 1
α
pµpν
)(
1 + rk(p
2)
)
δd(p− q), (B16)
(
Γ
(2)
kAµAν
∣∣∣
h=0
)−1
=
1
ZV p2(1 + rk(p2))
(
δµν + (α− 1)pµpν
p2
)
, (B17)
Γ
(2)
khµνhκλ
∣∣∣
A=h=φ=ψ=0
= Zh(p
2 − 2λ+Rk(p2))
(1
2
δµκδνλ + δµλδνκ − 1
2
δµνδκλ
)
δd(p− q), (B18)(
Γ
(2)
khµνhκλ
∣∣∣
A=h=φ=ψ=0
)−1
=
1
Zh(p2 − 2λ+Rk(p2))
(1
2
δµκδνλ + δµλδνκ − 1
d− 2δµνδκλ
)
, (B19)
Γ
(2)
kφφ
∣∣∣
h=0
= ZS
(
p2 +Rk(p
2)
)
δd(p− q) (B20)
Γ
(2)
kψ¯ψ
∣∣∣
h=0
= ZDγ
µpµ
(
1 + rk(p
2)
)
δd(p− q) (B21)
(B22)
Appendix C: Fixed-point values
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TABLE V: Selected fixed-point values as a function of the number of matter fields for NV = 0 for type II cutoff and one-loop
approximation
NS ND G˜∗ Λ˜∗ ηh ηc ηS ηD ηV θ1 θ2
0 0 0.7725 0.01046 0.2690 -0.8065 -0.3384 -0.5014 -0.1843 3.299 1.951
0 1 0.8969 -0.08969 0.2297 -0.6898 -0.2982 -0.3920 -0.2092 3.531 1.725
0 2 1.056 -0.2205 0.2185 -0.5898 -0.2634 -0.2995 -0.2284 3.688 1.573
0 3 1.262 -0.3954 0.2309 -0.5040 -0.2331 -0.2220 -0.2426 3.796 1.468
0 4 1.538 -0.6361 0.2681 -0.4309 -0.2068 -0.1578 -0.2520 3.871 1.395
0 6 2.491 -1.505 0.4598 -0.3169 -0.1647 -0.06275 -0.2596 3.958 1.315
0 8 5.239 -4.111 1.133 -0.2367 -0.1336 -0.00196 -0.2565 3.999 1.289
0 10 118.9 -114.0 30.91 -0.1806 -0.1107 0.0356 -0.2474 4.018 1.293
1 0 0.7702 0.03151 0.2938 -0.8652 -0.3606 -0.5485 -0.1830 3.239 2.008
1 1 0.8993 -0.06720 0.2429 -0.7368 -0.3165 -0.4271 -0.2117 3.501 1.746
1 2 1.068 -0.1981 0.2251 -0.6268 -0.2785 -0.3244 -0.2343 3.674 1.572
1 3 1.291 -0.3765 0.2341 -0.5324 -0.2454 -0.2380 -0.2513 3.792 1.451
1 4 1.596 -0.6282 0.2711 -0.4519 -0.2167 -0.1664 -0.2630 3.872 1.368
1 6 2.718 -1.593 0.4831 -0.3268 -0.1707 -0.06092 -0.2730 3.963 1.276
1 8 6.595 -5.062 1.384 -0.2398 -0.1371 0.005561 -0.2704 4.004 1.245
2 0 0.7666 0.05282 0.3247 -0.9312 -0.3853 -0.6022 -0.1805 3.173 2.077
2 1 0.8999 -0.04399 0.2592 -0.7894 -0.3368 -0.4671 -0.2134 3.467 1.774
2 2 1.077 -0.1744 0.2332 -0.6681 -0.2952 -0.3528 -0.2400 3.658 1.574
2 3 1.319 -0.3559 0.2380 -0.5640 -0.2589 -0.2563 -0.2604 3.788 1.435
2 4 1.659 -0.6192 0.2743 -0.4751 -0.2275 -0.1761 -0.2748 3.874 1.338
2 6 3.000 -1.704 0.5122 -0.3371 -0.1772 -0.05816 -0.2881 3.970 1.231
2 8 9.058 -6.797 1.841 -0.2422 -0.1407 0.01501 -0.2862 4.010 1.195
4 0 0.7563 0.09571 0.4122 -1.090 -0.4440 -0.7339 -0.1704 3.026 2.254
4 1 0.8950 0.004107 0.3048 -0.9145 -0.3846 -0.5653 -0.2136 3.392 1.853
4 2 1.089 -0.1231 0.2557 -0.7666 -0.3343 -0.4230 -0.2499 3.625 1.590
4 3 1.370 -0.3089 0.2483 -0.6390 -0.2907 -0.3017 -0.2793 3.780 1.404
4 4 1.794 -0.5971 0.2817 -0.5292 -0.2526 -0.1995 -0.3015 3.882 1.273
4 6 3.855 -2.054 0.6015 -0.3582 -0.1915 -0.04825 -0.3251 3.985 1.120
4 8 51.43 -36.92 9.826 -0.2431 -0.1478 0.04286 -0.3259 4.020 1.065
8 0 0.7383 0.1794 0.8066 -1.588 -0.6255 -1.161 -0.1210 3.378 2.184
8 1 0.8655 0.1022 0.4964 -1.282 -0.5210 -0.8688 -0.1930 3.304 2.084
8 2 1.075 -0.008829 0.3483 -1.053 -0.4446 -0.6432 -0.2566 3.565 1.701
8 3 1.429 -0.1880 0.2887 -0.8583 -0.3804 -0.4480 -0.3156 3.780 1.374
8 4 2.101 -0.5257 0.3025 -0.6842 -0.3232 -0.2723 -0.3698 3.919 1.110
8 6 15.61 -7.352 1.928 -0.3848 -0.2244 0.02737 -0.4595 4.023 0.6906
12 0 1.079 0.2548 3.054 -3.733 -1.419 -2.948 0.02049 8.304 1.143
12 1 0.8633 0.1927 1.092 -2.000 -0.7832 -1.482 -0.1250 4.317 1.803
12 2 1.025 0.1061 0.6074 -1.544 -0.6265 -1.050 -0.2269 3.769 1.868
12 3 1.385 -0.03850 0.4000 -1.235 -0.5262 -0.7345 -0.3289 3.872 1.458
12 4 2.340 -0.3808 0.3418 -0.9582 -0.4419 -0.4270 -0.4542 4.034 0.9425
16 0 3.859 0.2206 6.645 -10.58 -4.089 -8.063 -0.3468 30.15 17.53
16 1 1.752 0.2355 3.737 -5.292 -2.031 -4.096 -0.08671 12.68 3.306
16 2 1.105 0.1987 1.499 -2.651 -1.035 -1.976 -0.1490 5.901 1.587
16 3 1.299 0.1010 0.7452 -1.914 -0.7782 -1.295 -0.2903 4.572 1.607
16 4 2.183 -0.1369 0.4589 -1.483 -0.6491 -0.8086 -0.4970 4.434 0.9745
20 0 10.26 0.1761 10.17 -21.67 -8.547 -15.79 -1.724 122.9 47.25
20 1 5.036 0.1910 6.032 -11.55 -4.526 -8.542 -0.7432 43.76 15.74
20 2 2.613 0.2030 3.669 -6.428 -2.505 -4.812 -0.3326 18.32 4.817
20 3 1.650 0.1812 1.850 -3.584 -1.411 -2.625 -0.2666 8.739 1.771
20 4 1.968 0.06072 0.8730 -2.463 -1.016 -1.605 -0.4608 6.113 1.221
20 8 1650. -12.49 176.0 -23.52 -13.99 2.856 -29.73 7.2+332.1 i 7.2-332.1 i
24 0 33.42 0.1290 19.88 -55.77 -22.43 -38.78 -7.014 766.4 152.0
24 1 13.95 0.1338 9.037 -23.82 -9.564 -16.65 -2.886 173.1 41.16
24 2 7.377 0.1407 5.276 -13.02 -5.211 -9.156 -1.491 64.35 13.79
24 3 4.311 0.1426 3.241 -7.675 -3.070 -5.410 -0.8655 28.15 4.824
24 4 3.219 0.1018 1.798 -4.759 -1.935 -3.224 -0.7182 14.31 1.691
24 6 219.5 -2.802 9.883 -14.80 -8.124 -1.105 -14.67 31.28+97.45 i 31.28-97.45 i.
28 1 56.02 0.06934 19.80 -72.50 -29.83 -47.62 -13.03 1429. 166.8
28 2 24.94 0.05064 8.180 -30.04 -12.44 -19.39 -5.878 307.9 40.31
28 3 16.35 0.01115 4.455 -17.11 -7.177 -10.64 -3.901 124.1 11.98
28 4 21.68 -0.1880 2.599 -13.03 -5.773 -6.798 -4.789 84.79 4.494
28 6 380.9 -1.301 15.43 -55.95 -28.68 -12.76 -43.49 1715. 209.7
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TABLE VI: Selected fixed-point values as a function of the number of matter fields for NV = 12
NS ND G˜∗ Λ˜∗ ηh ηc ηS ηD ηV θ1 θ2
0 0 0.3536 0.2078 0.9516 -0.8949 -0.3480 -0.6732 -0.04175 3.484 2.159
0 1 0.3697 0.1796 0.8528 -0.7960 -0.3135 -0.5820 -0.06051 3.450 2.173
0 2 0.3878 0.1493 0.7944 -0.7132 -0.2845 -0.5060 -0.07581 3.483 2.126
0 3 0.4076 0.1163 0.7634 -0.6421 -0.2596 -0.4411 -0.08837 3.539 2.059
0 4 0.4290 0.08031 0.7522 -0.5801 -0.2377 -0.3850 -0.09867 3.600 1.991
0 6 0.4767 -0.002089 0.7710 -0.4772 -0.2010 -0.2933 -0.1138 3.705 1.878
0 8 0.5312 -0.1010 0.8288 -0.3961 -0.1718 -0.2228 -0.1232 3.782 1.798
0 12 0.6664 -0.3653 1.033 -0.2803 -0.1289 -0.1265 -0.1307 3.877 1.712
0 16 0.8564 -0.7652 1.367 -0.2054 -0.1002 -0.06836 -0.1297 3.925 1.681
0 20 1.152 -1.418 1.920 -0.1555 -0.08034 -0.03269 -0.1247 3.952 1.675
0 24 1.693 -2.647 2.961 -0.1211 -0.06616 -0.01033 -0.1182 3.968 1.681
0 28 3.045 -5.762 5.597 -0.09672 -0.05572 0.003974 -0.1115 3.978 1.693
0 32 13.01 -28.87 25.12 -0.07889 -0.04781 0.01325 -0.1049 3.984 1.706
1 0 0.3552 0.2173 1.021 -0.9533 -0.3690 -0.7241 -0.03473 3.577 2.097
1 1 0.3711 0.1893 0.8988 -0.8432 -0.3307 -0.6226 -0.05570 3.491 2.154
1 2 0.3892 0.1592 0.8262 -0.7526 -0.2990 -0.5392 -0.07264 3.497 2.128
1 3 0.4094 0.1265 0.7863 -0.6755 -0.2720 -0.4687 -0.08652 3.542 2.068
1 4 0.4313 0.09075 0.7693 -0.6086 -0.2484 -0.4080 -0.09790 3.598 2.000
1 6 0.4804 0.008583 0.7825 -0.4983 -0.2093 -0.3093 -0.1146 3.702 1.882
1 8 0.5368 -0.09061 0.8391 -0.4119 -0.1781 -0.2338 -0.1251 3.781 1.797
1 12 0.6779 -0.3578 1.048 -0.2890 -0.1327 -0.1311 -0.1337 3.876 1.706
1 16 0.8779 -0.7671 1.397 -0.2101 -0.1025 -0.06983 -0.1328 3.925 1.672
1 20 1.194 -1.446 1.982 -0.1580 -0.08181 -0.03259 -0.1276 3.951 1.667
1 24 1.788 -2.760 3.116 -0.1224 -0.06711 -0.009480 -0.1209 3.967 1.674
1 28 3.369 -6.309 6.173 -0.09735 -0.05635 0.005141 -0.1138 3.977 1.686
1 32 22.11 -48.62 42.58 -0.07911 -0.04824 0.01453 -0.1069 3.984 1.700
2 0 0.3573 0.2269 1.105 -1.020 -0.3929 -0.7822 -0.02643 3.704 2.011
2 1 0.3726 0.1991 0.9532 -0.8956 -0.3496 -0.6678 -0.05004 3.553 2.121
2 2 0.3908 0.1692 0.8633 -0.7958 -0.3148 -0.5758 -0.06887 3.522 2.122
2 3 0.4111 0.1368 0.8125 -0.7118 -0.2854 -0.4989 -0.08423 3.550 2.073
2 4 0.4335 0.1013 0.7887 -0.6396 -0.2601 -0.4331 -0.09681 3.599 2.008
2 6 0.4840 0.01945 0.7950 -0.5212 -0.2181 -0.3267 -0.1154 3.700 1.886
2 8 0.5426 -0.07991 0.8500 -0.4288 -0.1849 -0.2457 -0.1271 3.779 1.797
2 12 0.6898 -0.3501 1.064 -0.2982 -0.1367 -0.1362 -0.1368 3.876 1.699
2 16 0.9007 -0.7691 1.428 -0.2151 -0.1050 -0.07137 -0.1361 3.925 1.664
2 20 1.239 -1.477 2.050 -0.1606 -0.08333 -0.03244 -0.1307 3.951 1.658
2 24 1.894 -2.887 3.290 -0.1238 -0.06809 -0.008551 -0.1236 3.967 1.665
2 28 3.772 -6.991 6.890 -0.09796 -0.05699 0.006398 -0.1162 3.977 1.679
2 32 74.50 -162.4 143.1 -0.07931 -0.04867 0.01589 -0.1090 3.984 -1.694
3 0 0.3601 0.2367 1.210 -1.097 -0.4205 -0.8497 -0.01653 3.873 1.898
3 1 0.3744 0.2089 1.019 -0.9543 -0.3709 -0.7187 -0.04337 3.642 2.069
3 2 0.3924 0.1793 0.9068 -0.8434 -0.3322 -0.6164 -0.06439 3.564 2.107
3 3 0.4129 0.1472 0.8428 -0.7516 -0.3001 -0.5321 -0.08142 3.567 2.075
3 4 0.4357 0.1120 0.8105 -0.6733 -0.2727 -0.4606 -0.09535 3.605 2.015
3 6 0.4876 0.03051 0.8085 -0.5459 -0.2276 -0.3457 -0.1159 3.700 1.891
3 8 0.5483 -0.06895 0.8613 -0.4470 -0.1921 -0.2587 -0.1290 3.779 1.796
3 12 0.7021 -0.3420 1.081 -0.3080 -0.1410 -0.1415 -0.1400 3.876 1.691
3 16 0.9248 -0.7714 1.461 -0.2203 -0.1075 -0.07297 -0.1395 3.925 1.654
3 20 1.288 -1.510 2.124 -0.1633 -0.08491 -0.03223 -0.1340 3.951 1.649
3 24 2.014 -3.032 3.487 -0.1251 -0.06909 -0.007529 -0.1265 3.966 1.657
3 28 4.289 -7.866 7.810 -0.09855 -0.05765 0.007751 -0.1187 3.976 1.671
4 0 0.3639 0.2467 1.344 -1.188 -0.4533 -0.9301 -0.004498 4.097 1.749
4 1 0.3767 0.2188 1.098 -1.021 -0.3949 -0.7766 -0.03548 3.764 1.995
4 2 0.3941 0.1894 0.9583 -0.8962 -0.3514 -0.6617 -0.0591 3.625 2.079
4 3 0.4147 0.1576 0.8779 -0.7952 -0.3162 -0.5688 -0.078 3.596 2.070
4 4 0.4378 0.1227 0.8355 -0.7101 -0.2863 -0.4909 -0.09346 3.617 2.020
4 6 0.4912 0.04176 0.8234 -0.5726 -0.2378 -0.3665 -0.1163 3.702 1.895
4 8 0.5540 -0.05771 0.8733 -0.4666 -0.1999 -0.2727 -0.1308 3.780 1.795
4 12 0.7149 -0.3336 1.098 -0.3184 -0.1456 -0.1473 -0.1433 3.876 1.684
4 16 0.9504 -0.7739 1.496 -0.2257 -0.1102 -0.07464 -0.1432 3.925 1.645
4 20 1.342 -1.547 2.204 -0.1661 -0.08655 -0.03197 -0.1374 3.950 1.639
4 24 2.152 -3.198 3.713 -0.1265 -0.07012 -0.006403 -0.1296 3.966 1.648
4 28 4.975 -9.027 9.031 -0.09911 -0.05831 0.009212 -0.1214 3.976 1.663
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TABLE VII: Continue of selected fixed-point values as a function of the number of matter fields for NV = 12
Ns Nf G˜∗ Λ˜∗ ηh ηc ηS ηD ηV θ1 θ2
6 0 0.3792 0.2682 1.777 -1.452 -0.5479 -1.163 0.03061 4.831 1.285
6 1 0.3837 0.2391 1.321 -1.188 -0.4550 -0.9227 -0.01472 4.141 1.766
6 2 0.3987 0.2099 1.095 -1.022 -0.3970 -0.7705 -0.04539 3.830 1.973
6 3 0.4186 0.1786 0.9678 -0.8967 -0.3533 -0.6550 -0.06906 3.700 2.034
6 4 0.4421 0.1445 0.8976 -0.7944 -0.3176 -0.5610 -0.08811 3.669 2.016
6 6 0.4981 0.06476 0.8579 -0.6332 -0.2609 -0.4141 -0.1163 3.716 1.903
6 8 0.5655 -0.03443 0.8994 -0.5107 -0.2173 -0.3048 -0.1344 3.785 1.794
6 12 0.7417 -0.3159 1.134 -0.3415 -0.1556 -0.1603 -0.1505 3.879 1.667
6 16 1.006 -0.7798 1.574 -0.2375 -0.1160 -0.07820 -0.1511 3.925 1.623
6 20 1.465 -1.631 2.389 -0.1719 -0.09002 -0.03120 -0.1448 3.950 1.618
6 24 2.499 -3.615 4.282 -0.1292 -0.07225 -0.003794 -0.1362 3.964 1.629
6 28 7.352 -13.06 13.27 -0.1001 -0.05966 0.01250 -0.1271 3.974 1.646
8 0 1.439 0.2806 7.941 -6.091 -2.283 -4.943 0.2188 24.48 2.515
8 1 0.3990 0.2606 1.712 -1.441 -0.5460 -1.145 0.01753 4.831 1.366
8 2 0.4062 0.2307 1.303 -1.188 -0.4571 -0.9151 -0.02585 4.194 1.773
8 3 0.4238 0.1999 1.096 -1.024 -0.3994 -0.7638 -0.05630 3.902 1.944
8 4 0.4469 0.1665 0.9826 -0.8971 -0.3553 -0.6474 -0.08009 3.778 1.986
8 6 0.5047 0.08835 0.9014 -0.7052 -0.2881 -0.4716 -0.1149 3.750 1.907
8 8 0.5768 -0.01008 0.9294 -0.5625 -0.2376 -0.3432 -0.1377 3.800 1.793
8 12 0.7705 -0.2967 1.174 -0.3680 -0.1670 -0.1755 -0.1584 3.883 1.649
8 16 1.071 -0.7871 1.662 -0.2505 -0.1225 -0.08206 -0.1600 3.926 1.599
8 20 1.616 -1.736 2.615 -0.1781 -0.09378 -0.03004 -0.1532 3.948 1.594
8 24 2.989 -4.208 5.086 -0.1318 -0.07450 -0.0006048 -0.1435 3.962 1.607
8 28 14.30 -24.84 25.64 -0.1010 -0.06105 0.01635 -0.1334 3.972 1.627
12 1 2.290 0.2522 8.908 -7.776 -2.959 -6.124 0.01932 40.87 3.654
12 2 0.4748 0.2771 2.506 -1.951 -0.7328 -1.577 0.06171 6.469 0.7400
12 3 0.4482 0.2433 1.613 -1.429 -0.5460 -1.115 -0.01090 4.890 1.475
12 4 0.4620 0.2109 1.285 -1.192 -0.4627 -0.8992 -0.05164 4.331 1.759
12 6 0.5186 0.1367 1.034 -0.8975 -0.3599 -0.6290 -0.1063 3.941 1.874
12 8 0.5994 0.04145 1.008 -0.6980 -0.2899 -0.4466 -0.1419 3.880 1.783
12 12 0.8349 -0.2534 1.266 -0.4349 -0.1956 -0.2149 -0.1768 3.906 1.605
12 16 1.231 -0.808 1.884 -0.2816 -0.1380 -0.09082 -0.1818 3.929 1.539
12 20 2.053 -2.047 3.272 -0.1915 -0.1023 -0.02591 -0.1736 3.944 1.535
12 24 5.022 -6.682 8.428 -0.1367 -0.07935 0.008189 -0.1611 3.955 1.554
16 3 1.142 0.2713 5.588 -4.480 -1.688 -3.599 0.1109 17.72 1.117
16 4 0.5235 0.2562 2.153 -1.830 -0.6949 -1.447 0.01298 6.206 1.072
16 6 0.5397 0.1852 1.300 -1.199 -0.4709 -0.8813 -0.08425 4.515 1.702
16 8 0.6232 0.09557 1.133 -0.8974 -0.3656 -0.6043 -0.1405 4.116 1.739
16 12 0.9109 -0.2027 1.379 -0.5293 -0.2354 -0.2729 -0.1994 3.964 1.546
16 16 1.463 -0.8450 2.203 -0.3215 -0.1583 -0.1010 -0.2113 3.935 1.458
16 20 2.884 -2.651 4.523 -0.2059 -0.1125 -0.01750 -0.2012 3.933 1.455
16 24 17.96 -22.51 29.73 -0.1402 -0.08463 0.02208 -0.1843 3.940 1.485
20 4 2.630 0.2137 7.349 -6.904 -2.677 -5.225 -0.2781 40.91 1.024
20 6 0.6084 0.2317 1.987 -1.792 -0.6887 -1.381 -0.03701 6.279 1.218
20 8 0.6575 0.1497 1.373 -1.212 -0.4833 -0.8599 -0.1283 4.757 1.590
20 12 1.004 -0.1441 1.528 -0.6701 -0.2939 -0.3632 -0.2277 4.110 1.459
20 16 1.838 -0.9183 2.723 -0.3750 -0.1860 -0.1118 -0.2549 3.946 1.335
20 20 5.200 -4.374 8.019 -0.2202 -0.1248 0.0003216 -0.2416 3.905 1.335
24 6 1.775 0.2185 5.184 -4.800 -1.857 -3.650 -0.1684 23.68 0.7370
24 8 0.7533 0.1983 1.957 -1.803 -0.7042 -1.343 -0.1021 6.619 1.216
24 12 1.133 -0.07945 1.751 -0.8962 -0.3863 -0.5138 -0.2653 4.493 1.309
24 16 2.644 -1.114 3.838 -0.4507 -0.2277 -0.1170 -0.3305 3.953 1.116
24 20 122.7 -93.37 186.1 -0.2276 -0.1394 0.04438 -0.3111 3.819 1.119
28 12 1.392 -0.02121 2.207 -1.310 -0.5551 -0.7911 -0.3317 5.638 0.967
32 0 1.580 1.122 2.342 -0.2386 0.05296 -0.7970 0.8496 2.457 2.193
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